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Abstract

It is well-known that some equational theories such as groups or Boolean algebras
can be defined by fewer equational axioms than the original axioms. However, it is
not easy to determine if a given set of axioms is the smallest or not. Malbos and
Mimram investigated a general method to find a lower bound of the cardinality of
the set of equational axioms (or rewrite rules) that is equivalent to a given equational
theory (or term rewriting system), using homological algebra. Their method is an
analog of Squier’s homology theory on string rewriting systems. In this dissertation,
I develop the homology theory for term rewriting systems more and provide a better
lower bound under a stronger notion of equivalence than their equivalence.

Also, the same methodology applies to equational unification, the problem of
solving an equation modulo equational axioms. I provide a relationship between
equational unification and homological algebra for equational theories. I will con-
struct abelian groups associated with equational theories. Then, the main theorem
gives a necessary condition of equational unifiability that is described in terms of the
abelian groups and homomorphisms between them.

Thesis Supervisor: Adam Chlipala
Title: Associate Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

In this dissertation, I will provide partial answers to the following two questions:

Given an equational theory E,

1. How many axioms are needed to present E?

2. For two terms t, s with variables, is the equation t = s modulo E solvable?

(E-unifiability)

The first problem has been well-studied for some specific theories such as groups

or Boolean algebras, but not for general theories. Malbos and Mimram proved an

inequality to give lower bounds [13], but they did not give any nontrivial examples.

(They gave one example, but the computation for it was incorrect.) I extended their

methodology and developed a better inequality. Also, I found that my inequality

provides a nontrivial lower bound for a number of theories.

In more detail, in [13], Malbos and Mimram showed that for any equational

theory E, the cardinality of a set E ′ of equational axioms presenting E is bounded
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below by the integer s(H2(E)), that is,

s(H2(E)) ≤ #E ′. (1.1)

Here, H2(E) is the abelian group called the second homology of E, and s(H2(E))

denotes the minimum number of generators of H2(E). The number s(H2(E)) bounds

below the cardinality of a set of equational axioms Also, s(H2(E)) is computable if a

complete (i.e., terminating and confluent) term-rewriting system for E is given. This

work is surprising because (i) it is the first result that gives a lower bound on the

number of axioms for a general equational theory, and (ii) it connects two different

fields, equational logic and homological algebra. However, not many theories are

known to have s(H2(E)) > 1, that is, it does not often give a nontrivial lower bound.

For example, if E is the theory of groups, s(H2(E)) = 0.

The inequality (1.1) holds for E ′ with possibly different constant/function sym-

bols than E. In [8], expanding Malbos and Mimram’s work, I found that there is

a better lower bound if we allow only E ′ that has the same constant/function sym-

bols with E. I showed that there is a lower bound that is greater than or equal to

s(H2(E)) and, for various theories including the theory of groups, it is the tight lower

bound.

I also found that the same methodology can be used for the E-unifiability prob-

lem. The E-unifiability problem has been studied for many specific Es, such as the

theory of non-unital monoids, the theory of non-unital commutative monoids, and

so on. If we include E in the problem input and if E satisfies confluence and some

good conditions (like termination), narrowing is known as a semidecidable procedure

for the problem [5, 6]. Narrowing attempts to find solutions of a given equation, but
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if the equation does not have any solutions, it may not terminate. The method I

propose gives a sound procedure for non-E-unifiability under some conditions on

E. It does not require E to be confluent, but it requires a condition different from

narrowing. I found some pairs of Es and equations without solutions on which nar-

rowing does not terminate but my procedure does and detects that they indeed have

no solutions.

In the next chapter, a quick introduction to equations, rewriting, and unification

is given. Then, in Chapter 3, my main theorems are described without using the

language of homology. In Chapter 4, the proof idea is explained through simplicial

homology, a homology theory that is more famous and simpler than the homology

of equational theories. Chapter 5 provides an introduction to module theory, which

we need for the proofs. The construction of the homology of equational theories is

given in Chapter 6. Then, we prove the results on questions 1 and 2 in Chapter 7.
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Chapter 2

Preliminaries

A signature Σ is a set together with a function α : Σ→ Z≥0. For f ∈ Σ, we say that

f is of arity n if n = α(f), and we write f (n) for f to indicate that f is of arity n.

Let V be a countably infinite set distinct from Σ. A term over Σ and V is a formal

expression defined inductively as follows:

1. Any element in V , called a variable, is a term.

2. For f ∈ Σ of arity n, if t1, . . . , tn are terms, then f(t1, . . . , tn) is also a term.

Here, f(t1, . . . , tn) is a formal expression and not a function application, though its

semantics is often treated as a function application. If c ∈ Σ is of arity 0, we write

just c for c(). For a signature Σ, let Term(Σ, V ) denote the set of terms over Σ and

V . Also, in this dissertation, the variables we use are x1, x2, . . . , so we just write

Term(Σ) for Term(Σ, {x1, x2, . . . }). If f is a symbol of arity 2 that is usually written

in infix notation (e.g., +, ×), we write t1ft2 instead of f(t1, t2). We write Var(t) for

the set of variables that occur in t.
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A substitution is a function V → Term(Σ, V ). If a substitution σ satisfies σ(v1) =

t1, . . . , σ(vn) = tn and σ(v) = v for any v 6= v1, . . . , vn, σ is written as {v1 7→

t1, . . . , vn 7→ tn}. For a substitution σ : V → Term(Σ, V ), we can extend it to a map

σ̂ : Term(Σ, V )→ Term(Σ, V ) as

σ̂(v) = σ(v) for v ∈ V ,

σ̂(f(t1, . . . , tn)) = f(σ̂(t1), . . . , σ̂(tn)) for f ∈ Σ and t1, . . . , tn ∈ Term(Σ, V ).

We write tσ for σ̂(t). For two substitutions σ, τ : V → Term(Σ, V ), their composition

στ is defined as στ(v) = τ̂(σ(v)). We can check t(στ) = (tσ)τ for any term t.

Two terms t, s are unifiable if there exists a substitution σ such that tσ = sσ.

Such σ is called a unifier. A most general unifier (mgu) of unifiable terms t, s is a

unifier σ of t, s such that for any other unifier σ′ of t, s, there exists a substitution τ

such that σ′ = στ . An mgu is unique up to renaming of variables.

A context is a term in Term(Σ, V ∪{�}) that has just one �, called a hole, in it.

For a context C ∈ Term(Σ, V ∪ {�}) and a term t ∈ Term(Σ, V ), C[t] denotes the

term C{� 7→ t}.

An equation is an ordered pair of terms. Equations are written as l ≈ r. A

rewrite rule is an equation l ≈ r satisfying Var(l) ⊃ Var(r). For rewrite rules, we

write l → r instead of l ≈ r when we want to emphasize the order of l and r. A

term-rewriting system (TRS) is a set of rewrite rules. For an equation l ≈ r and a

term t, we say that t is rewritten to s by l ≈ r, denoted t −−→
l≈r

s, if there is a context

C and a substitution σ such that t = C[lσ] and s = C[rσ]. For a set of equations E

and two terms t, s, we say that t is rewritten to s by E, denoted t −→E s, if t −−→
l≈r

s

holds for some l ≈ r ∈ E. The reflexive transitive closure of the relation −→E is
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written as ∗−→E, and the reflexive symmetric transitive closure of −→E is written as
∗←→E or ≈E. Two sets E,E ′ of equations are equivalent if ≈E = ≈E′ . Two terms t, s

are said to be E-unifiable if there exists a substitution σ such that tσ ≈E sσ. Such

a σ is called an E-unifier. If we consider the problem of finding an E-unifier of two

terms t, s, we write t ≈?
E s for the problem.

A TRS R is terminating if there is no infinite path t1 →R t2 →R t3 →R . . . .

Two terms t1, t2 are joinable by R if there exists a term s such that t1
∗−→R s

∗←−R t2.

A TRS R is confluent if, for any terms t, t1, t2, t1
∗←−R t

∗−→R t2 implies that t1 and t2

are joinable.

A TRS R is complete if R is terminating and confluent.

For a TRS R, a term t is R-normal if t cannot be rewritten by R. If R is

terminating, for any term t, there exists an R-normal term s such that t ∗−→R s, and

if R is complete, such an s is unique.

Let R be a TRS and l1 → r1, l2 → r2 ∈ R be two rewrite rules. Suppose that the

variables of l2 → r2 are renamed so that Var(l1) ∩ Var(l2) = ∅. For some context C

and nonvariable term t, if t and l2 are unifiable with mgu σ and if C[t] = l1, the pair

(r1σ,C[r2σ]) is called a critical pair of R. The diagram r1σ ← l1σ = C[l2σ]→ C[r2σ]

is called a critical peak. For example, suppose that we have two rules

A :f(f(x1, x2), x3)→ f(x1, f(x2, x3))

B :f(i(x4), x4)→ e.

The subterm f(x1, x2) of the left-hand side of A and f(i(x4), x4), the left-hand side of

B, can be unified with the mgu σ = {x1 7→ i(x4), x2 7→ x4}. Then, the corresponding
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critical pair is (f(i(x4), f(x4, x3)), f(e, x3)), as the following diagram shows.

f(f(i(x4), x4), x3)

f(i(x4), f(x4, x3)) f(e, x3)

A

B

Here, the underlined subterms are the terms matched with the LHS and RHS of the

rule B. Note that if a TRS R finite, then the critical pairs and peaks are also finite

up to renaming of variables. Also, we do not distinguish critical pairs/peaks that are

transformed into each other by renaming variables.

A famous application of critical pairs is checking confluence of a terminating TRS:

Proposition 1. [2] A terminating TRS is confluent if and only if its critical pairs

are joinable.

The equational theory of a set E of equations is the set E∗ = {(t, s) | t ≈E s}.

Two sets E,E ′ of equations are said to be equivalent if E∗ = E ′∗. For a set E of

equations and a TRS R, we say that R is a TRS of E if R is equivalent to E.
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Chapter 3

Results

3.1 Lower Bounds on Numbers of Rules

We introduce some notions to describe our lower bounds. Let (Σ, R) be a TRS.

Definition 2. The degree of R, denoted by deg(R), is defined by

deg(R) = gcd{#il −#ir | l→ r ∈ R, i = 1, 2, . . . }

where #it is the number of occurrences of xi in t for t ∈ T (Σ). Here, recall that

gcd{0, a, b, . . . } = gcd{a, b, . . . } and gcd{0} = 0. For example, deg({f(x1, x2, x2)→

x1, g(x1, x1, x1)→ e}) = gcd{0, 2, 3} = 1.

Suppose that R is complete and consists of n rules, l1 → r1, . . . , ln → rn. Note

that any TRS with finitely many rules has finitely many critical peaks. So, suppose

that R has m critical peaks and that the set of them is written as {raiσ ← laiσ =

C[lbiσ] → C[rbiσ] | i = 1, . . . ,m} for some ai, bi ∈ {1, . . . , n}. For each term t, if it

15



can be rewritten in several ways, we fix one of them. Such a correspondence between

a term and a way of rewriting is called a rewriting strategy. For a term t, let nrj(t) be

the number of times lj → rj is used to reduce t into its R-normal form with respect

to the strategy.

Definition 3. Let d = deg(R). The matrix D(R) is the n×m matrix over Zd whose

(i, j)-th entry D(R)ij (1 ≤ i ≤ n, 1 ≤ j ≤ m) is [nrRi (C[rbjσ])−nrRi (rajσ)+δ(bRj , i)−

δ(aRj , i)] ∈ Zd where δ(x, y) is the Kronecker delta. (That is, δ(x, y) = 1 if x = y and

0 if x 6= y.)

Definition 4. Let R be Zp = Z/pZ for any p that is prime or 0. If an m×n matrix

M over R is of the form

e1 0 . . . . . . . . . . . . . . . 0

0 e2 0 . . . . . . . . . . . . 0
... 0

. . . 0 . . . . . . . . .
...

...
... 0 er 0 . . . . . .

...
...

...
... 0 0 . . . . . .

...
...

...
...

...
... . . . . . .

...

0 0 . . . . . . . . . . . . . . . 0


and ei divides ei+1 for every 1 ≤ i < r, we say M is in Smith normal form. The

eis are unique up to multiplication by an invertible element, and we call them the

elementary divisors.

It is known that every matrix over R can be transformed into Smith normal form

by elementary row/column operations, that is, (1) switching a row/column with

another row/column, (2) multiplying each entry in a row/column by an invertible

16



element in R, and (3) adding a multiple of a row/column to another row/column

[18, 9.4]. (If p = 0, the invertible elements in R ∼= Z are 1 and −1, and if p is prime,

any nonzero elements in R = Zp are invertible.) In general, the same fact holds for

any principal ideal domain R.

Definition 5. Let (Σ, R) be a complete TRS, and suppose d = deg(R) is 0 or prime.

We define e(R) as the number of invertible elements in the Smith normal form of the

matrix D(R) over R = Zd. (Note that if R is a field, e(R) is the rank of D(R).)

Although we fixed a rewriting strategy to define the matrix D(R), in fact, e(R)

is independent from the choice:

Lemma 6. The integer e(R) does not depend on the rewriting strategy used to

define D(R).

Here is our theorem for lower bounds.

Theorem 7. Let (Σ, R) be a complete TRS, and suppose d = deg(R) is 0 or prime.

For any set of rules R′ equivalent to R, i.e., ∗←→R′ =
∗←→R, we have

#R′ ≥ #R− e(R). (3.1)

Remark 8. The condition that d = deg(R) is 0 or prime is to make Zd a PID.

Most TRSs of interest have degree 0, 1, or 2, but it is difficult to simply extend this

theorem to the case d = 1 since Z1 = {0}.

Example 9. Consider the signature Σ = {0(0), s(1), ave(2)} and the set R of rules

A1.ave(0, 0)→ 0, A2.ave(x1, s(x2))→ ave(s(x1), x2), A3.ave(s(0), 0)→ 0,

A4.ave(s(s(0)), 0)→ s(0), A5.ave(s(s(s(x1))), x2)→ s(ave(s(x1), x2)).

17



Figure 3-1: The critical peaks of R extended to the normal forms.

R satisfies deg(R) = 0 and has one critical peak:

We can see the matrix D(R) is the 5×1 zero matrix since the two normalizing paths

have the same multiset {A2, A5} of rewrite rules. The zero matrix is already in Smith

normal form, and e(R) = 0. Thus, for any R′ equivalent to R, #R′ ≥ #R = 5. This

means there is no smaller TRS equivalent to R. Also, Malbos-Mimram’s lower bound

is equal to 3, though I do not explain how to compute it in this dissertation.

As a generalization of this example, we have an interesting corollary of our main

theorem:

Corollary 10. Let (Σ, R) be a complete TRS. If for any critical pair u ← t → v,

any two rewriting paths t → u → · · · → t̂ and t → v → · · · → t̂ contain the same

number of l → r for each l → r ∈ R, then there is no R′ equivalent to R which

satisfies #R′ < #R.
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Example 11. Let Σ = {−(1), f (1),+(2), ·(2)} and R be

A1. − (−x1)→ x1, A2. − f(x1)→ f(−x1),

A3. − (x1 + x2)→ (−x1) · (−x2), A4. − (x1 · x2)→ (−x1) + (−x2).

We have deg(R) = 0, and R has four critical pairs (Fig. 3-1). The corresponding

matrix D(R) and its Smith normal form are computed as

D(R) =


0 0 1 1

2 0 0 0

0 0 1 1

0 0 1 1

 


0 0 1 1

2 0 0 0

0 0 0 0

0 0 0 0

 


0 0 1 0

2 0 0 0

0 0 0 0

0 0 0 0

 


1 0 0 0

0 2 0 0

0 0 0 0

0 0 0 0

 .

Thus, #R − e(R) = 3. This tells us R does not have any equivalent TRS with 2

or fewer rules, and it is not difficult to see R has an equivalent TRS with 3 rules,

{A1, A2, A3}. (Note that the equivalence here is with respect to unordered rules, so

we can use A1 and A3 backwards to derive A4.) Malbos-Mimram’s lower bound of

this example is 1.

Example 12. Over the signature Σ = {e(0),−1(1)

, ·(2)}, the theory of groups is given

as
(x1 · x2) · x3 = x1 · (x2 · x3), x1 · e = x1, e · x1 = x1,

x−1
1 · x1 = e, x1 · x−1

1 = e.
(3.2)

19



A complete TRS R for the theory of groups is given by

G1. (x1 · x2) · x3 → x1 · (x2 · x3) G2. e · x1 → x1

G3. x1 · e→ x1 G4. x1 · x−1
1 → e

G5. x
−1
1 · x1 → e G6. x

−1
1 · (x1 · x2)→ x2

G7. e
−1 → e G8. (x−1

1 )−1 → x1

G9. x1 · (x−1
1 · x2)→ x2 G10. (x1 · x2)−1 → x−1

2 · x−1
1 .

Since deg(R) = 2, we set R = Z2. R has 48 critical pairs, and we get the 10 × 48

matrix D(R) given in Appendix A. I implemented a program that takes a complete

TRS as input and computes its critical pairs, the matrix D(R), and e(R). The

program is available at https://github.com/mir-ikbch/homtrs. I checked e(R) =

rank(D(R)) = 8 with the program and also by MATLAB’s gfrank function (https:

//www.mathworks.com/help/comm/ref/gfrank.html). Therefore we have #R −

e(R) = 2. This provides a new proof that there is no single axiom equivalent to the

theory of groups.

Malbos-Mimram’s lower bound of this example is 0.

Although the equality of (3.1) is attained for the above three examples, it is

not guaranteed the equality is attained by some TRS R′ in general. For example,

the TRS with only the associative rule {f(f(x1, x2), x3)→ f(x1, f(x2, x3))} satisfies

#R− e(R) = 0, and it is obvious that no TRS with zero rules is equivalent.

Many other examples are given in the appendix and:

https://mir-ikbch.github.io/homtrs/experiment/result.html
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3.2 E-unifiability

To describe our theorem for E-unifiability, we need matrix U(E,R).

Definition 13. Let E = {l′1 ≈ r′1, . . . , l
′
n′ ≈ r′n′} be a set of equations and R = {l1 →

r1, . . . , ln → rn} be a complete TRS. Suppose E∗ ⊂ R∗. Then, U(E,R) is the n× n′

matrix over Zd whose (i, j)-th entry is [nrRi (l′j)− nrRi (r′j)] ∈ Zd where d = deg(R).

Then, our theorem is as follows.

Theorem 14. Let E = {u1 ≈ v1, . . . , uk ≈ vk} be a set of equations and t, s be

two terms. Suppose that there is a complete TRS R = {l1 → r1, . . . , ln → rn} of

E ∪ {t ≈ s} and deg(R) 6= 1. If t, s are E-unifiable, then the augmented matrix

(D(R)|U(E,R)) is equivalent to In,m and n ≤ m, where m is the number of columns

of (D(R)|U(E,R)).

Example 15. Let E1 be the set of equations

A1 : f(x1 + x2) ≈ f(x1) + f(x2),

A2 : f(a) ≈ a, A3 : f(b) ≈ b

and consider the E1-unification problem

f(x1) + a ≈?
E1
f(x1) + b.
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The set E1 ∪ {f(x) + a ≈ f(x) + b} has a complete TRS R1:

A1 : f(x1 + x2)→ f(x1) + f(x2),

A2 : f(a)→ a, A3 : f(b)→ b,

B : x1 + a→ x1 + b.

The degree of R1 is 0, and R1 has one critical pair Π

f(x1 + a)

f(x1) + f(a) f(x1 + b)

f(x1) + a f(x1) + f(b)

f(x1) + b

A1

B

A2 A1

B

A3

Π

The matrix (D(R1)|U(E1, R1)) is computed as



Π A1 A2 A3

A1 0 1 0 0

A2 1 0 1 0

A3 −1 0 0 1

B 0 0 0 0

.

It does not have full rank, so it is not equivalent to the identity matrix I4,4. (Recall

that the rank of M is the number of linearly independent rows of M , and an n×m

matrix M has full rank if the rank of M is min(n,m). The rank is invariant under

elementary row and column operations.) By the contrapositive of Theorem 14, x1 +a
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and x1 + b are not E1-unifiable.

Example 16. Let E2 be the set of equations

B1 : 0 + x1 ≈ x1, B2 : s(x1) + x2 ≈ s(x1 + x2).

Consider the E2-unification problem

x1 + x1 ≈?
E2
s(0).

The TRS E2 ∪ {x1 + x1 → s(0)} has a complete TRS R2:

B1 : 0 + x1 → x1, C1 : x1 + x1 → 0,

C2 : s(x1)→ x1.

The degree of R2 is 2, and R2 has one critical pair Π′

0 + 0

0

B1

C1

Π′

and the matrix (D(R2)|U(E2, R2)) is given as


Π′ B1 B2

B1 1 1 0

C1 1 0 0

C2 0 0 0

.

Here, each entry of D(R2|U(E2, R2)) is thought of as an element in Z2. Since it does

not have full rank, x1 + x1 and s(0) are not E2-unifiable.
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Example 17. We use the same E2 as the previous example and consider the E2-

unification problem

x1 + x1 ≈?
E2

0.

The TRS E2 ∪ {x1 + x1 ≈ 0} has the following complete TRS R3:

B1 : 0 + x1 → x1 B2 : s(x1) + x2 → s(x1 + x2)

D1 : x1 + x1 → 0 D2 : s(s(x1))→ x1

D3 : x1 + s(x1)→ s(0) D4 : s(x1) + x1 → s(0).

The critical pairs are listed in Fig. 3-2, and the matrix (D(R3)|U(E2, R3)) is given

in Fig. 3-3. It has full rank, and x1 + x1 ≈?
E 0 has the solution x1 7→ 0.

More generally, consider the E2-unification problem

x1 + x1 ≈?
E2
sn(0)

where sn(0) = s(. . . s︸ ︷︷ ︸
n

(0) . . . ). In fact, we can see that if n is odd, E ′ = E2∪{x1+x1 ≈

sn(0)} is equivalent to E2 ∪ {x1 + x1 ≈ s(0)}, and if n is even, E ′ is equivalent to

E2 ∪ {x1 + x1 ≈ 0}.

Example 18. Let E4 = {a(b(b(a(x1)))) ≈ x1}. It is known that E4 does not have a

complete TRS with a finite number of rewrite rules [10]. Consider the E4-unification

problem

a(b(x1)) ≈?
E4
x1.

Then, E4 ∪ {a(b(x1)) ≈ x1} has a complete TRS R4:

a(b(x1))→ x1, b(a(x1))→ x1.
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0 + 0

0

B1

D1

Π1 0 + s(0)

s(0)

B1

D3

Π2
s(s(x1)) + x2

s(s(x1) + x2) x1 + x2

s(s(x1 + x2))

D2

B2

B2 D2

Π3

s(x1) + s(s(x1))

s(x1 + s(s(x1))) s(0)

s(x1 + x1)

B2

D3

D2
D1

Π4
s(x1) + x1

s(x1 + x1)

s(0)

D4

B2

D1

Π5

s(x1) + s(s(x1))

s(x1) + x1

s(0)

D3
D2

D4

Π6 s(s(x1)) + s(x1)

x1 + s(x1)

s(0)

D4
D2

D3

Π7

s(x1) + s(x1)

s(x1 + s(x1)) 0

s(s(0))

D1

B2

D3
D2

Π8

Figure 3-2: Critical pairs of R3 in Example 17



Π1 Π2 Π3 Π4 Π5 Π6 Π7 Π8 Π9 B1 B2

B1 1 1 0 0 0 0 0 0 0 1 0
B2 0 0 0 1 1 0 0 1 0 0 1
D1 1 0 0 1 1 0 0 1 0 0 0
D2 0 0 0 1 0 1 1 1 0 0 0
D3 0 1 0 1 0 1 1 1 0 0 0
D4 0 0 0 0 1 1 1 0 0 0 0


Figure 3-3: The matrix (D(R3)|U(E2, R3)). Each element is considered to be in Z2.
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Then, there are two critical pairs

a(x1)
a(b(x1))→x1←−−−−−−− a(b(a(x1)))

b(a(x1))→x1−−−−−−−→ a(x1),

b(x1)
a(b(x1))→x1←−−−−−−− b(a(b(x1)))

b(a(x1))→x1−−−−−−−→ b(x1).

It is easy to check that (D(R4)|U(E4, R4)) is the 2 × 3 matrix whose entries are all

1, and so it is not equivalent to I2,3. Therefore, a(b(x1)) and x1 are not E4-unifiable.

Remark 19. As in Example 18, it can be the case that it is difficult or impossible

to find a complete TRS of the given set E of equations, but a complete TRS of

E ∪ {t ≈ s} is easy to find. The basic version of narrowing, the main existing tool

for E-unification for unspecified E, is applicable when a complete TRS of E is given.

So, it is notable that Theorem 14 does not require us to find a complete TRS of E.

Example 20. Recall that the Ackermann function A : N× N→ N is defined as

A(0, n) = n+ 1,

A(m+ 1, 0) = A(m, 1),

A(m+ 1, n+ 1) = A(m,A(m+ 1, n)).

Here is a question: Is there a pair of natural numbersm, n such that A(m+1, n+1) =

A(m,n)? To try to answer this question, let us apply Theorem 14. If we directly

interpret the definition of the Ackermann function into a set of equations between

terms, the set has degree 1 because of the third equation. We can avoid it by
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expanding the third equation into

A(1, 1) = 3,

A(m+ 2, 1) = A(m+ 1, A(m,A(m, 1))),

A(m+ 1, n+ 2) = A(m,A(m,A(m+ 1, n))).

Let E5 be the set of equations representing the Ackermann function:

F1 : a(0, x1) ≈ s(x1),

F2 : a(s(x1), 0) ≈ a(x1, s(0)),

F3 : a(s(0), s(0)) ≈ s(s(s(0))),

F4 : a(s(s(x1)), s(0)) ≈ a(s(x1), a(x1, a(x1, s(0)))),

F5 : a(s(x1), s(s(x2))) ≈ a(x1, a(x1, a(s(x1), x2))).

Consider the E5-unification problem

a(s(x1), s(x2)) ≈?
E5
a(x1, x2).

Then, E5 ∪ {a(s(x1), s(x2)) ≈ a(x1, x2)} has the following complete TRS R5:

F1 : a(0, x1)→ s(x1),

G1 : s(s(x1))→ s(x1),

G2 : a(s(x1), x2)→ a(x1, x2),

G3 : a(x1, a(x1, a(x1, x2)))→ a(x1, x2)

G4 : a(x1, s(x2))→ a(x1, x2).
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We can see deg(R5) = 2. The critical pairs are listed in Fig. 3-4. For the matrix

D(R5), we only need to consider the labeled critical pairs Ξ1, Ξ2, and Ξ3 since

the other critical pairs produce columns consisting of 0s or columns matching those

produced by Ξ1, Ξ2, and Ξ3. Reducing such columns from (D(R5)|U(E5, R5)), we

get the matrix (over Z2)



Ξ1 Ξ2 Ξ3 F1 F2 F3 F4 F5

F1 0 0 0 1 0 1 0 0

G1 1 0 1 0 0 0 1 0

G2 0 0 1 0 1 1 0 0

G3 0 1 0 0 0 0 0 1

G4 1 0 0 0 1 1 1 0


and we can check it does not have full rank, so it is not equivalent to I5,8. Therefore,

a(s(x1), s(x2)) and a(x1, x2) are not E5-unifiable. This means that there is no pair

of natural numbers m, n such that A(m+ 1, n+ 1) = A(m,n).

3.3 Comparison with Narrowing

Narrowing is another syntactic method of solving E-unification problems. For a TRS

R, a term s is said to be narrowable into a term t if there exist a rule l → r ∈ R, a

context C, and nonvariable term s′ such that s = C[s′], s′ and l are unifiable with

the mgu σ, and t = C[r]σ. (We rename variables in l so that Var(l) ∩ Var(s) = ∅.)

In that case, we write s σ,R t. The sequence

t0  σ1,R t1  σ2,R · · · σn,R tn
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a(0, s(x2)) s(s(x2)) s(x2)

a(0, x2)

F1 G1

G4 F1

Ξ1

a(x1, a(x1, a(x1, a(x1, a(x1, x4))))) a(x1, a(x1, a(x1, x4))) a(x1, x4)

a(x1, a(x1, a(x1, x4)))

G3 G3

G3 G3

a(0, a(0, a(0, x2))) a(0, a(0, s(x2))) a(0, s(s(x2))) s(s(s(x2))) s(s(x2)) s(x2)

a(0, x2)

F1 F1 F1 G1 G1

G3 F1

Ξ2

a(0, a(0, a(0, x2))) a(0, s(a(0, x2))) a(0, s(s(x2))) s(s(s(x2))) s(s(x2)) s(x2)

a(0, x2)

F1 F1 F1 G1 G1

G3 F1

a(0, a(0, a(0, x2))) s(a(0, a(0, x2))) s(a(0, s(x2))) s(s(s(x2))) s(s(x2)) s(x2)

a(0, x2)

F1 F1 F1 G1 G1

G3 F1

s(s(s(x2))) s(s(x2)) s(x2)

s(s(x2))

G1 G1

G1 G1

a(x1, s(s(x3))) a(x1, s(x3)) a(x1, x3)

a(x1, s(x3))

G1 G4

G4 G4

a(s(x3), a(s(x3), a(s(x3), x2))) a(s(x3), a(s(x3), a(x3, x2))) a(s(x3), a(x3, a(x3, x2)))

a(s(x3), x2) a(x3, x2) a(x3, a(x3, a(x3, x2)))

G2 G2

G2

G3

G3

G2

Figure 3-4: Critical pairs of R5
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a(s(x3), a(s(x3), a(s(x3), x2))) a(s(x3), a(x3, a(s(x3), x2))) a(s(x3), a(x3, a(x3, x2))) a(x3, a(x3, a(x3, x2)))

a(s(x3), x2) a(x3, x2)

G2 G2 G2

G3

G3

G2

a(s(x3), a(s(x3), a(s(x3), x2))) a(x3, a(s(x3), a(s(x3), x2))) a(x3, a(s(x3), a(x3, x2))) a(x3, a(x3, a(x3, x2)))

a(s(x3), x2) a(x3, x2)

G2 G2 G2

G3

G3

G2

a(x1, a(x1, a(x1, a(x1, x4)))) a(x1, a(x1, x4))

G3

G3

a(s(s(x3)), x2) a(s(x3), x2) a(x3, x2)

a(s(x3), x2)

G1 G2

G2 G2

Ξ3

a(x1, a(x1, a(x1, s(x4)))) a(x1, a(x1, a(x1, x4))) a(x1, x4)

a(x1, s(x4))

G4 G3

G3 G4

a(s(x3), s(x2)) a(x3, s(x2)) a(x3, x2)

a(s(x3), x2)

G2 G4

G4 G2

Figure 3-4: Critical pairs of R5 (cont.)
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is abbreviated to t0  ∗σ,R tn for σ = σ0σ1 . . . σn. For two substitutions σ, θ and a set

X of variables, σ is more general modulo R on X than θ, denoted σ ≤XR θ, if there

exists a substitution τ such that xθ ≈R xστ for any x ∈ X. Then, it is known that

narrowing is a complete procedure for R-unification:

Theorem 21. [6] Suppose that R is complete and let eq be a new symbol with arity

2.

• If eq(s, t)  ∗σ,R eq(s′, t′), and s′, t′ are unifiable with the mgu τ , then s, t are

R-unifiable with the unifier στ .

• If s, t are R-unifiable with a unifier θ, then there exist a narrowing sequence

eq(s, t) ∗σ,R eq(s′, t′) and an mgu τ of s′, t′ such that στ ≤Var(eq(s,t))
R θ.

Consider Example 15 again. We can say x1 + a and x1 + b are not E1-unifiable

since eq(x1 + a, x1 + b) is not narrowable into any term by any rules in E1.

For Example 16, however, we have an infinite narrowing sequence from eq(x1 +

x1, s(0)):

eq(x1 + x1, s(0))

 x1 7→s(x1),E2 eq(s(x1 + s(x1)), s(0))

 x1 7→s(x1),E2 eq(s(s(x1 + s(s(x1)))), s(0))

 x1 7→s(x1),E2 . . .

so we can see that narrowing is a semi-decision procedure for the problem of equa-

tional unification. We can also check narrowing does not terminate for the problem

in Example 20. Past work has studied what kind of restriction on a TRS ensures

termination of narrowing [1].

31



Also, Theorem 21 requires R to be complete. Therefore this method cannot be

applied to Example 18 since E4 = {a(b(b(a(x1)))) ≈ x1} does not have any complete

TRS.
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Chapter 4

Simplicial Homology

As mentioned in the introduction, the proofs of my theorems use the notion of

homology. A homology theory is a sequence of algebraic objects associated to another

mathematical object. Homology was originally defined for geometric objects, but it

was generalized for a variety of structures such as groups or rings. First, we look at

the notion of homology for simplicial complexes.

The 1-dimensional homology group of a surface consists of equivalence classes

loops on the surface. Here, two loops are identified if they can be transformed into

each other by stretching, shortening, and wiggling. In this section, we see how such

a structure is defined algebraically.

Consider a polygon (possibly with holes)X built from triangles by attaching edges

to edges or vertices to vertices (e.g., Fig. 4-1). We call component triangles (gray

small triangles in Fig. 4-1) 2-simplices, edges 1-simplices, and vertices 0-simplices.

The composed polygons are called simplicial complexes. (Simplicial complexes are

defined more generally; we can attach line segments, tetrahedra, and their higher-
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dimensional counterparts, but we omit the details here.) For two vertices v0, v1, we

write [v0, v1] for the 1-simplex from v0 to v1. We think of [v1, v0] as the same 1-simplex

as [v0, v1] but with the opposite orientation. Also, [v0, v1, v2] denotes the 2-simplex

with the vertices v0, v1, v2. For an odd permutation σ : {0, 1, 2} → {0, 1, 2} (σ is odd

(resp. even) if it is a permutation obtainable from an odd (resp. even) number of

two-element swaps), [vσ(0), vσ(1), vσ(2)] is considered to have the opposite orientation

from [v0, v1, v2]. If the permutation σ is even, [v0, v1, v2] and [vσ(0), vσ(1), vσ(2)] are

identified. For convenience, we write [v] for the 0-simplex v. (Generally, [v0, . . . , vn]

is defined for n > 2, but we only consider n ≤ 2 here.) Both X1 and X2 in Fig. 4-1

share the same set of 0- and 1-simplices. The complex X1 has three 2-simplices, and

X2 has one more 2-simplex [v1, v4, v2].

v0 v1

v2

v3

v4

v5

X1

v0 v1

v2

v3

v4

v5

X2

Figure 4-1: examples (X1) with hole (X2) without hole

For n ≥ 0, let ∆′n(X) be the set consisting of formal finite sums
∑
rα0,...,αn [vα0 , . . . , vαn ]

with coefficients rα0,...,αn ∈ Q where the summation takes all possible [vα0 , . . . , vαn ]

in X, and let ∆n(X) be the quotient of ∆′n(X) by the relation

[vα0 , . . . , vαn ] = −[vσ(α0), . . . , vσ(αn)]
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for odd permutations σ.1 For example, ∆2(X1) contains

2[v0, v1, v2] + [v1, v3, v4],

[v1, v3, v4]− 3

4
[v2, v4, v5],

. . . .

and we have [v0, v1, v2] = [v1, v2, v0] = [v2, v0, v1] = −[v1, v0, v2] = −[v2, v1, v0] =

−[v0, v2, v1]. The set ∆n(X) forms a vector space over Q. For example, ∆2(X1) is

a vector space with basis S = {[v0, v1, v2], [v1, v3, v4], [v2, v4, v5]}, and ∆2(X2) is a

vector space with basis S ∪ {[v1, v2, v4]}. Also, ∆−1(X) is defined as {0}.

Then, for n > 0, we define linear maps ∂Xn : ∆n(X)→ ∆n−1(X), called boundary

maps, as

∂Xn ([v0, . . . , vn]) =
n∑
i=0

(−1)i[v0, . . . , v̂i, . . . , vn]

where [v0, . . . , v̂i, . . . , vn] is shorthand for [v0, . . . , vi−1, vi+1, . . . , vn]. Also, ∂0 is de-

fined as ∂0(c) = 0 for any c ∈ ∆0(X).

For n = 2, the following figure indicates that the map returns the boundary

coherently oriented.

v0 v1

v2

∂X2 ([v0, v1, v2]) = [v1, v2]− [v0, v2] + [v0, v1] = [v1, v2] + [v2, v0] + [v0, v1]

	

We can check that ∂Xn (∂Xn+1(c)) = 0 for any n and c ∈ ∆n+1(X) by simple

computation. In other words, the vector space im ∂Xn+1 := {∂Xn+1(c) | c ∈ ∆n+1(X)}

1Usually, we consider integer coefficients rα0,...,αn
∈ Z, but here we consider rationals because

then we can use notions from linear algebra, rather than group or module theory.
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is a subspace of ker ∂n := {c′ ∈ ∆n | ∂Xn (c′) = 0}. The elements of ker ∂Xn are

called n-cycles, and the elements of im ∂Xn+1 are called n-boundaries. We can see that

any 1-cycles are loops consisting of edges and 1-boundaries are loops that are the

boundaries of some regions.

For Fig. 4-1 X2, c = [v1, v4] + [v4, v2] + [v2, v1] is a 1-cycle and 1-boundary at the

same time since ∂2([v1, v4, v2]) = c, but for X1, c is a 1-cycle but not a 1-boundary.

(Note that [v2, v1, v4] is not in ∆2(X1).)

The n-th (simplicial) homology group of a simplicial complex X is the quotient

Hn(X) = ker ∂Xn / im ∂Xn+1. That is, two n-cycles c1, c2 ∈ ker ∂Xn are identified in

Hn(X) if c1 − c2 ∈ im ∂Xn+1, i.e., c1 − c2 is a boundary of some region.

Consider H1(X) for X = X1, X2. In H1(X2), any 1-cycle c is identified with 0.

Intuitively, this is because X2 does not have any hole and so the cycle c − 0 = c is

a boundary of some region. So, H1(X2) = {0}. In H1(X1), on the other hand, the

1-cycle c = [v1, v4]+ [v4, v2]+ [v2, v1] is not identified with 0 since c is not a boundary

in X1. Also, c is identified with c′ = [v1, v4] + [v4, v5] + [v5, v2] + [v2, v1] in H1(X1)

since c′ − c = [v4, v5] + [v5, v2] − [v4, v2] = ∂X1
2 ([v4, v5, v2]). In fact, any element of

H1(X1) is represented by rc for some rational r, so H1(X1) is isomorphic to Q.

One important fact about simplicial homology groups is invariance: For any two

simplicial complexes X,X ′, if the topological spaces realized by X, X ′ are homotopy

equqivalent, i.e., they can be transformed into each other by stretching, squishing

(a line to a point, an area to a line, etc.), and its converse (expanding a point to

a line, a line to an area, etc.), then Hn(X) and Hn(X ′) are isomorphic as groups

for any n. For example, the simplicial complex X3 in Fig. 4-2 realizes the same

surface (a triangle) as X2 in Fig. 4-1 does, so they are trivially homotopic. We

can easily see that ker ∂X3
1 = im ∂X3

2 = {r([v0, v1] + [v1, v2] + [v2, v0]) | r ∈ Q}, so
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v0 v1

v2

X3 X4

Figure 4-2: More simplicial com-
plexes

Figure 4-3: X1 andX4 are homotopic.

H1(X3) = {0}, which is equal to H1(X2). Also, X1 in Fig. 4-1 and X4 in Fig. 4-2

realize two homotopy equivalent spaces as shown in Fig. 4-3, and we can check that

H1(X4) ' H1(X1) ' Q.

We write |X| for the topological space realized by the simplicial complexX. Here,

we can consider the following questions: (a) Given a simplicial complex X, how many

1-simplices are needed to present a simplicial complex X ′ such that |X| and |X ′| are

homotopic? (b) Given a simplicial complex X, how many 1-simplices are needed to

present a simplicial complex X ′ such that |X| and |X ′| are homotopic, and X and

X ′ have the same set of 0-simplices? These questions are related to our question

about the number of equational axioms/rewrite rules. 0-simplices correspond to

symbols, and 1-simplices correspond to axioms/rules. So, question (b) corresponds

to our setting since Theorem 7 is about the number of rules over a fixed signature. For

simplicial complexes, we can also give inequalities. First, for question (a), the number

of 1-simplices is bounded below by dim(H1(X)). This can be proved as follows:

Since a basis of the vector space ∆1(X) consists of 1-simplices, and since ker ∂X1 is a

subspace of ∆1(X), we have dim ker ∂X1 ≤ dim ∆1(X). Also, since H1(X) is defined

as the quotient ker ∂X1 / im ∂X2 , dimH1(X) ≤ dim ker ∂X1 . Using the invariance of

Hn(X), we can see that for any simplicial complex X ′ such that |X| and |X ′| are

homotopic, the number of 1-simplices, which equals dim ∆1(X ′), is bounded below
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by dimH1(X) = dimH1(X ′). We can improve the inequality for question (b). We

use two lemmas from linear algebra.

Lemma 22. For two vector spaces V,W , dimV/W = dimV − dimW .

Lemma 23 (Rank-Nullity Theorem). For a linear map f : V → W between vector

spaces V,W , dim ker f + dim im f = dimV .

By these lemmas, we have dimH1(X) − dimH0(X) = dim ker ∂1 − dim im ∂2 −

dim ker ∂0 +dim im ∂1 = dim ∆1(X)−dim im ∂2−dim ker ∂0. Also, since ∂0 is defined

as ∂0(c) = 0 for any c, ker ∂0 = ∆0(X). Therefore, we have

#(1-simplices) ≥ dimH1(X)− dimH0(X) + #(0-simplices). (4.1)

In fact, Theorem 7 is an analog of this inequality. For equational theories/TRSs, it

is more technical to define the homology groups, but the proof works in a similar

way. As stated earlier, there are correspondences between 0-simplices and symbols,

and 1-simplices and axioms/rules. We will later see that 2-simplices correspond to

critical peaks.

simplicial homology rewriting

0-simplices (points) symbols

1-simplices (lines) axioms/rules

2-simplices (triangles) critical peaks

38



Chapter 5

Modules over a Ring

To introduce homology in general setting, we consider the notion of modules. Two of

the important notions here are free resolutions (Definition 35) and tensor products

(Definition 29), from which we can derive homology groups. For the homology of

equational theories, we will generalize them for modules over ringoids in the next

chapter. Fig. 5-1 shows a dependency graph of mathematical notions towards ho-

mology groups of an equational theory.

Modules are the generalization of vector spaces in which the set of scalars form

a ring, not necessarily a field.

Definition 24. Let R be a ring and (M,+) be an abelian group. For a map · :

R×M →M , (M,+, ·) is a left R-module if for all r, s ∈ R and x, y ∈M , we have

r · (x+ y) = r · x+ r · y, (r + s) · x = r · x+ s · x, (rs) · x = r · (s · x)

where rs denotes the multiplication of r and s in R. We call the map · scalar

multiplication.
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free modules

free resolutions tensor product

chain complexes

quotient modules
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Chapter 5 for rings and Chapter 6 for ringoids

Chapter 6

homology groups of an equational theory

Figure 5-1: Dependency graph
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For a map · : M ×R→M , (M,+, ·) is a right R-module if for any r, s ∈ R and

x, y ∈M ,

(x+ y) · r = x · r + y · r, x · (r + s) = x · r + x · s, x · (sr) = (x · s) · r.

If ring R is commutative, we do not distinguish between left R-modules and right

R-modules and simply call them R-modules.

Linear maps and isomorphisms of modules are also defined in the same way as

for vector spaces.

Definition 25. For two left R-modules (M1,+1, ·1), (M2,+2, ·2), a group homomor-

phism f : (M1,+1)→ (M2,+2) is an R-linear map if it satisfies f(r ·1 x) = r ·2 f(x)

for any r ∈ R and x ∈ M1. An R-linear map f is an isomorphism if it is bijective,

and two modules are called isomorphic if there exists an isomorphism between them.

Example 26. Any abelian group (M,+) is a Z-module under the scalar multiplica-

tion n · x = x+ · · ·+ x︸ ︷︷ ︸
n

for n ≥ 0.

Example 27. For any ring R, the direct product Rn = R× · · · ×R︸ ︷︷ ︸
n

forms a left

R-module under the scalar multiplication r · (r1, . . . , rn) = (rr1, . . . , rrn).

Example 28. Let R be a ring and X be a set. RX denotes the set of formal linear

combinations ∑
x∈X

rxx (rx ∈ R)

where rx = 0 except for finitely many xs. The underline is added to emphasize a

distinction between r ∈ R and x ∈ X. RX forms a left R-module under the addition
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and the scalar multiplication defined by(∑
x∈X

rxx

)
+

(∑
x∈X

sxx

)
=
∑
x∈X

(rx + sx)x, s ·

(∑
x∈X

rxx

)
=
∑
x∈X

(srx)x.

If X is the empty set, RX is the left R-module {0} consisting of only the identity

element. We simply write 0 for {0}. RX is called the free left R-module generated

by X. If #X = n ∈ N, RX can be identified with Rn.

A left R-module M is called free if M is isomorphic to RX for some X. Free

modules share some properties with vector spaces. If a left R-module F is free, there

exists a basis (i.e., a subset that is linearly independent and generating) of F . If

a free left R-module F has a basis (v1, . . . , vn), any R-linear map f : F → M is

uniquely determined if the values f(v1), . . . , f(vn) are specified arbitrarily. Suppose

F1, F2 are free left R-modules and f : F1 → F2 is an R-linear map. If F1 has

a basis (v1, . . . , vn) and F2 has a basis (w1, . . . , wm), the matrix (aij)i=1,...,n,j=1,...,m

where aijs satisfy f(vi) = ai1w1 + · · ·+ aimwm for any i = 1, . . . , n is called a matrix

representation of f .

If we have a left and a right module, we can construct a group called the tensor

product of the two modules.

Definition 29. LetN be a rightR-module andM be a leftR-module. Let F (N×M)

be the free abelian group generated by the direct product N×M . The tensor product

of N andM , denoted by N⊗RM , is the quotient group of F (N×M) by the subgroup

generated by the elements of the form

(x, y) + (x, y′)− (x, y + y′), (x, y) + (x′, y)− (x+ x′, y), (x · r, y)− (x, r · y)
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where x, x′ ∈ N , y, y′ ∈ M , r ∈ R. The equivalence class of (x, y) in N ⊗R M is

written as x⊗y. (That is, x⊗y+x⊗y′−x⊗ (y+y′) = x⊗y+x′⊗y− (x+x′)⊗y =

(x · r)⊗ y − x⊗ (r · y) = 0 holds.)

For a rightR-module N and aR-linear map f : M →M ′ between leftR-modules

M,M ′, we write N⊗f : N⊗RM → N⊗RM
′ for the map (N⊗f)(a⊗x) = a⊗f(x).

N ⊗ f is known to be well-defined and be a group homomorphism.

We define submodules and quotient modules, as in linear algebra.

Definition 30. Let (M,+, ·) be a left (resp. right) R-module. A subgroup N of

(M,+) is a submodule if for any x ∈ N and r ∈ R, the scalar multiplication r · x

(resp. x · r) is in N .

For any submodule N , the quotient group M/N is also an R-module. M/N is

called the quotient module of M by N .

For submodules and quotient modules, the following basic theorems are known:

Theorem 31 (First isomorphism theorem). [18, Theorem 8.8] Let (M,+, ·), (M ′,+′, ·′)

be left (or right) R-modules, and f : M →M ′ be an R-linear map.

1. The inverse image of 0 by f , ker f = {x ∈ M | f(x) = 0}, is a submodule of

M .

2. The image of M by f , im f = {f(x) | x ∈M}, is a submodule of M ′.

3. The image im f is isomorphic to M/ ker f .

Theorem 32 (Third isomorphism theorem). [18, Theorem 7.10] Let M be a left

(or right) R-module, N be a submodule of M , and L be a submodule of N . Then

(M/L)/(N/L) is isomorphic to M/N .
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Theorem 33. [18, Theorem 9.8] Let R be Z or Z/pZ for some prime p. Every

submodule of a free R-module is free. Moreover, if an R-module M is isomorphic

to Rn, then every submodule N of M is isomorphic to Rm for some m ≤ n. (In

general, this holds for any principal ideal domain R.)

If p is not prime, a counterexample is given as follows. Consider Z/4Z =

{[0], [1], [2], [3]} as a Z/4Z-module and let N be its submodule {[0], [2]}. If there

were an isomorphism f : N → (Z/4Z)X for some set X, the cardinality of (Z/4Z)X

must be equal to the cardinality of N , 2. However, it can be seen that #(Z/4Z)X =

1 + 3 ·#X. (For example, if X = ∅, (Z/4Z)X = {0}, and if X = {?}, (Z/4Z)X =

{0, [1]?, [2]?, [3]?}.)

LetM be a leftR-module. For S ⊂M , the setRS of all elements inM of the form∑k
i=1 risi (k ∈ Z≥0, ri ∈ R, si ∈ S) is a submodule of M . If RS = M , S is called a

generating set of S and the elements of S are called generators ofM . Let S = {si}i∈I
be a generating set of M for some indexing set I. For a set X = {xi}i∈I , the linear

map ε : RX 3 xi 7→ si ∈M is a surjection from the free module RX. The elements

of ker ε, that is, elements
∑

xi∈X rixi satisfying ε(
∑

xi∈X rixi) =
∑

xi∈X risi = 0, are

called relations of M .

Now, we introduce one of the most important notions to develop the homol-

ogy theory of rewriting systems, free resolutions. We first start from the following

example.

Example 34. Let M be the Z-module defined by

Z{a, b, c, d, e}/Z{a+ b+ c− d− e, 2b− c, a+ 2c− b− d− e}.
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That is, M is the module of sums n1a+ n2b+ n3+n4d+ n5e with relations

a+ b+ c− d− e = 0, 2b− c = 0, a+ 2c− b− d− e = 0.

We consider the Z-linear map between free Z-modules f0 : Z3 → Z{a, b, c, d, e}

defined by

f0(1, 0, 0) = a+ b+ c− d− e, f0(0, 1, 0) = 2b− c, f0(0, 0, 1) = a+ 2c− b− d− e.

We can see that the image of f0 is the set of relations of M . In other words, im f0 =

ker ε for the linear map ε : Z{a, b, c, d, e} → M which maps each element to its

equivalence class. Then, we consider the “relations between relations”, that is, triples

(n1, n2, n3) which satisfy f0(n1, n2, n3) = n1(a+b+c−d−e)+n2(2b−c)+n3(a+2c−

b−d−e) = 0, or equivalently, elements of ker f0. We can check ker f0 = {m(−1, 1, 1) |

m ∈ Z}. This fact can be explained in terms of rewriting modulo AC (associativity

and commutativity). Let AC = {(x1 +x2) +x3 ≈ x1 + (x2 +x3), x1 +x2 ≈ x2 +x1}.

A rewrite rule l → r AC-rewrites a term t into s if there exists t′ such that t ≈AC t
′

and l→ r rewrites t′ into s. If we write relations in the form of rewrite rules

A1. a+ b+ c→ d+ e, A2. 2b→ c, A3. a+ 2c→ b+ d+ e,

we see {A1, A2, A3} is a complete AC-rewriting system (over the signature {a, b, c, d, e,+})

with two joinable critical pairs

We associate these critical pairs with an equality between formal sums A2 +A3 = A1,
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and it corresponds to

f0(−1, 1, 1) = −(a+ b+ c− d− e)︸ ︷︷ ︸
−A1

+ (2b− c)︸ ︷︷ ︸
A2

+ (a+ 2c− b− d− e)︸ ︷︷ ︸
A3

= 0.

In fact, this correspondence between critical pairs and “relations between relations”

is a key to the homology theory of TRSs.

We define a linear map f1 : Z → Z3 by f1(1) = (−1, 1, 1) and then f1 satisfies

im f1 = ker f0. We can go further, that is, we can consider ker f1, but it clearly turns

out that ker f1 = 0.

We encode the above information in the following diagram:

Z f1−→ Z3 f0−→ Z{a, b, c, d, e} ε−→M (5.1)

where im f1 = ker f0, im f0 = ker ε and ε is surjective. Sequences of modules and

linear maps with these conditions are called free resolutions:

Definition 35. A sequence of left R-modules and R-linear maps

· · · fi+1−−→Mi+1
fi−→Mi

fi−1−−→ · · ·

is called an exact sequence if im fi = ker fi−1 holds for any i.

Let M be a left R-module. For infinite sequence of free modules Fi and linear

maps fi : Fi+1 → Fi, ε : F0 →M , if the sequence

· · · f1−→ F1
f0−→ F0

ε−→M

is exact and ε is surjective, the sequence above is called a free resolution of M . If
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the sequence is finite, it is called a partial free resolution.

(Exact sequences and free resolutions are defined for right R-modules in the same

way.)

Notice that the exact sequence (5.1) can be extended to the infinite exact sequence

· · · → 0→ · · · → 0→ Z f1−→ Z3 f0−→ Z{a, b, c, d, e} ε−→M

since ker f1 = 0. Thus, the sequence (5.1) is a free resolution of M .

As there are generally several rewriting systems equivalent to a given equational

theory, free resolutions of M are not unique. However, we can construct a type of

homology constructed from a (partial) free resolution of M which does not depend

on the choice of the free resolution.

Let · · · f1−→ F1
f0−→ F0

ε−→M be a free resolution of a left R-module M . For a right

R-module N , we consider the sequence

· · · N⊗f1−−−→ N ⊗R F1
N⊗f0−−−→ N ⊗R F0. (5.2)

Then, it can be shown that im(N ⊗ fi) ⊂ ker(N ⊗ fi−1) for any i = 1, 2, . . . . In

general, a sequence · · · fi+1−−→Mi+1
fi−→Mi

fi−1−−→ · · · of left/right R-modules satisfying

im fi ⊂ ker fi−1 for any i is called a chain complex. The homology groups of a chain

complex are defined to be the quotient group of ker fi−1 by im fi:

Definition 36. Let (C•, f•) denote the pair ({Ci}i=0,1,..., {fi : Ci+1 → Ci}i=0,1,...).

For a chain complex · · · fi+1−−→ Ci+1
fi−→ Ci

fi−1−−→ · · · , the abelian group Hj(C•, f•)

defined by

Hj(C•, f•) = ker fj−1/ im fj

47



is called the j-th homology group of the chain complex (C•, f•).

Note that the simplicial homology group is the homology group of the chain

complex (∆n(X), ∂n).

The theorem below shows that the homology groups of the chain complex of the

form (5.2) depend only on M , N , and R:

Theorem 37. [17, Corollary 6.21] Let M be a left R-module and N be a right

R-module. For any two resolutions · · · f1−→ F1
f0−→ F0

ε−→ M , · · ·
f ′1−→ F ′1

f ′0−→ F ′0
ε−→ M ,

we have a group isomorphism

Hj(N ⊗R F•, N ⊗ f•) ∼= Hj(N ⊗R F
′
•, N ⊗ f ′•).

We end this section by giving some basic facts on exact sequences.

Proposition 38. [18, Proposition 7.20 and 7.21]

1. M2
f−→M1 → 0 is exact if and only if ker f = 0.

2. 0→M2
f−→M1 is exact if and only if im f = M1.

3. If M1 is a submodule of M2, the sequence 0 → M2
ι−→ M1

π−→ M1/M2 → 0 is

exact where ι is the inclusion map ι(x) = x and π is the projection π(x) = [x].

Proposition 39. Suppose we have an exact sequence of R-modules 0 → M1 →

M2 →M3 → 0. If M3 is free, then M2 is isomorphic to M1 ×M3.

The proof is given by using [18, Proposition 7.22].
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5.1 Homology of Equational Theories

In this section, we will briefly see the homology theory of algebraic theories, which

is the main tool to obtain our lower bounds.

We fix a signature Σ. Let t = 〈t1, . . . , tn〉 be a n-tuple of terms and suppose that

for each ti, the set of variables in ti is included in {x1, . . . , xm}. For an m-tuple of

term s = 〈s1, . . . , sm〉, we define the composition of t and s by

t ◦ s = 〈t1[s1/x1, . . . , sm/xm], . . . , tn[s1/x1, . . . , sm/xm]〉

where ti[s1/x1, . . . , sm/xm] denotes the term obtained by substituting sj for xj in

ti for each j = 1, . . . ,m in parallel. (For example, f(x1, x2)[g(x2)/x1, g(x1)/x2] =

f(g(x2), g(x1)).) By this definition, we can think of any m-tuple 〈s1, . . . , sm〉 of

terms as a (parallel) substitution {x1 7→ s1, . . . , xm 7→ sm}. Recall that, for a TRS

R, the reduction relation →R between terms is defined as t1 →R t2 ⇐⇒ t1 =

C[l ◦ s], t2 = C[r ◦ s] for some single-hole context C, m-tuple s of terms, and rewrite

rule l→ r ∈ R whose variables are included in {x1, . . . , xm}. This definition suggests

that the pair of a context C and an m-tuple of terms (or equivalently, substitution)

s is useful to think about rewrite relations. Malbos and Mimram [13] called the pair

of a context and an m-tuple of terms a bicontext. For a bicontext (C, t) and a rewrite

rule A, we call the triple (C,A, t) a rewriting step. The pair of two rewriting steps

(�, l1 → r1, s), (C, l2 → r2, t) is called a critical pair if the pair (r1 ◦ s, C[r2 ◦ t]) of

terms is a critical pair in the usual sense given by l1 → r1, l2 → r2.

We write K(n,m) (n,m ∈ N) for the set of bicontexts (C, t) where t = 〈t1, . . . , tn〉

and each ti and C have variables in {x1, . . . , xm} (except � in C). The composition of

two bicontexts (C, t) ∈ K(n, k), (D, s) ∈ K(m,n) (t = 〈t1, . . . , tn〉, s = 〈s1, . . . , sm〉)
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is defined by

(C, t) ◦ (D, s) = (C[D ◦ t], s ◦ t) ∈ K(m, k)

where D ◦ t = D[t1/x1, . . . , tn/xn], and note that the order of composition is reversed

in the second component. We can check that this composition is associative, that

is, for any (C, t) ∈ K(n, k), (D, s) ∈ K(m,n), (E, r) ∈ K(l,m), (C, t) ◦ ((D, s) ◦

(E, r)) = ((C, t) ◦ (D, s)) ◦ (E, r). Also, the bicontext (�, 〈x1, . . . , xm〉) is a unit in

the sense that (C, t) ◦ (�, 〈x1, . . . , xm〉) = (C, t), (�, 〈x1, . . . , xm〉) ◦ (D, s) = (D, s)

for any (C, t) ∈ K(n, k), (D, s) ∈ K(l,m). From these facts, we can see that there

is a category whose objects are natural numbers and morphisms from n to k are

bicontexts in K(n, k).

To apply homological algebra to TRSs, we construct an algebraic structure from

bicontexts. For two natural numbers n,m, we define Z〈K〉(n,m) to be the free

abelian group generated by K(n,m) (i.e., any element in Z〈K〉(n,m) is written as a

formal sum
∑

(C,t)∈K(n,m) λ(C,t)(C, t) where each λ(C,t) is in Z and is equal to 0 except

for finitely many (C, t)s.) Then, the composition ◦ : K(n,m) × K(k, n) → K(k,m)

can be extended to ◦ : Z〈K〉(n,m)× Z〈K〉(k, n)→ Z〈K〉(k,m) by

∑
(C,t)

λ(C,t)(C, t)

 ◦
∑

(D,s)

µ(D,s)(D, s)

 =
∑
(C,t)

∑
(D,s)

λ(C,t)µ(D,s)((C, t) ◦ (D, s)).

This family of free abelian groups forms a structure called ringoid.

Definition 40. A ringoid R is a small Ab-enriched category. That is, the set

homR(a, b) of morphisms from a to b for each pair of objects a, b is equipped with

abelian group structure (homR(a, b),+, 0) and satisfies the following rules.

0 ◦ x = 0, x ◦ 0 = 0, z ◦ (x+ y) = z ◦ x+ z ◦ y, (z + w) ◦ x = z ◦ x+ w ◦ x
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where x, y ∈ homR(a, b), z, w ∈ homR(b, c).

A ringoid can be thought of as a “many-sorted” ring. If a ringoid has just a single

object, its morphisms form a ring with addition + and multiplication ◦. If a ringoid

has multiple objects, each object can be thought of as a sort. The addition of two

morphisms x : a1 → b1, y : a2 → b2 is defined only if a1 = a2 and b1 = b2. Also, we

can multiply them as composition y ◦ x only if b1 = a2. The notion of modules over

a ring is extended to modules over a ringoid.

Definition 41. Let R be a ringoid.

• A left R-module is a functor M : R → Ab satisfying M(x + y) = M(x) +

M(y), M(0) = 0 for any x, y ∈ R(a, b), a, b ∈ Obj (R)). We define the scalar

multiplication · : R(a, b)×M(a)→M(b) as a ·m = M(a)(m).

• A right R-module is a left Rop-module.

• For two left R-modules M1, M2, an R-linear map f : M1 → M2 is a natural

transformation. (We can define an R-linear map between right R-modules in

the same manner.)

Definition 42. Let R be a ringoid whose objects are natural numbers, and P be a

family of sets Pi (i ∈ N). The free left R-module generated by P , denoted by RP ,

is defined as follows. For each i ∈ N, (RP )(i) is the abelian group of formal finite

sums ∑
pj∈Pj , j∈N

apjpj, (apj ∈ R(j, i))
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and for each r ∈ R(i, k),

r ·

 ∑
pj∈Pj , j∈N

apjpj

 =
∑

pj∈Pj , j∈N

(r ◦ apj)pj.

If a left R-module M is isomorphic to RP for some P , we say that M is free.

For Z〈K〉, we write Cxt for elements of ((Z〈K〉)P )(X) instead of (C, t)x, and

(D + C)xt for Dxt+ Cxt.

To define the tensor product of two modules over a ringoid, we introduce some

notions.

Definition 43. For a family of abelian groups {GX | X ∈ P} for some indexing set

P , its direct sum, denoted by
⊕

X∈P GX , is the subset of the direct product defined

by {(gX)X∈P ∈
∏

X∈P GX | gX = 0 except for finite Xs}. The direct sum of groups

also forms a group.

Definition 44. For categories A,B,C, let F : Aop × A → C be a functor, and

c be an object of C. A family of morphisms η(a) : F (a, a) → c is a extranatural

transformation if for any morphism g : a→ a′ in A, the following diagram commutes:

F (a′, a) F (a′, a′)

F (a, a) c.

F (id,f)

F (g,id) η(a′)

η(a)

Definition 45. Let R be a ringoid, M1 be a right R-module, and M2 be a left

R-module. An abelian group M1 ⊗RM2 is the tensor product of M1, M2 if there is

an extranatural transformation ζ : M1(−)⊗M2(−)→ M1 ⊗RM2 such that for any

abelian group A and any extranatural transformation γ : M1(−)⊗M2(−)→ A, there
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exists a unique abelian group homomorphism φ : M1 ⊗R M2 → A with γa = φ ◦ ζa
for any a ∈ Obj (R).

Explicitly, the tensor productM1⊗RM2 is the quotient abelian group of
⊕

X∈RM1(X)⊗Z

M2(X) by relations (x ·a)⊗y−x⊗ (a ·y) for all a ∈ R(Y,X), x ∈M(X), y ∈M(Y ).

We define an equivalence between two TRSs (Σ, R), (Σ′, R′), called Tietze equiv-

alence.

Definition 46. Two TRSs are Tietze equivalent if one is obtained from the other

by applying a series of Tietze transformations defined as follows:

1. If f (n) is a symbol not in Σ and t ∈ T (Σ) has variables in {x1, . . . , xn}, then

(Σ, R) can be transformed into (Σ ∪ {f}, R ∪ {t→ f(x1, . . . , xn)}).

2. If t → f(x1, . . . , xn) ∈ R, t ∈ T (Σ \ {f}), and f does not occur in any rule in

R′ = R\{t→ f(x1, . . . , xn)}, then (Σ, R) can be transformed into (Σ\{f}, R′).

3. If t ∗←→R s, then (Σ, R) can be transformed into (Σ, R ∪ {t→ s}).

4. If t→ s ∈ R and t ∗←→R′ s for R′ = R\{t→ s}, then (Σ, R) can be transformed

into (Σ, R′).

With rule 1, we can add a new symbol, and with rule 2, we can remove a redundant

symbol. Rules 3 and 4 can be used to add/remove a redundant rule.

We can see that any two TRSs (Σ, R1),(Σ, R2) with finite number of rewrite rules

are Tietze equivalent if they are equivalent in the usual sense, ∗←→R1 =
∗←→R2 . Tietze

equivalence was originally introduced in group theory [23, §11] and is also defined

for monoids [3, 7.2].
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Example 47. Consider the signature Σ = {+(2), S(1), 0(0)} and the set R of four

rules

0 + x→ x, x+ 0→ x, S(x) + y → S(x+ y), (x+ y) + z → x+ (y + z).

We can see (Σ, R) is Tietze equivalent to (Σ′, R′) where

Σ′ = {+(2), 0(0), 1(0)}, R′ = {0 + x→ x, x+ 0→ x, (x+ y) + z → x+ (y + z)}

as follows:

(Σ, R)
(1)−−→ (Σ ] {1(0)}, R ] {S(0)→ 1})
(3)−−→ (Σ ] {1(0)}, R ] {S(0)→ 1, 1 + x→ S(x)})
(4)−−→ (Σ ] {1(0)}, R ] {1 + x→ S(x)})
(4)−−→ (Σ ] {1(0)}, R ] {1 + x→ S(x)} \ {S(x) + y → S(x+ y)})
(2)−−→ (Σ ] {1(0)} \ {S(1)}, R \ {S(x) + y → S(x+ y)}) = (Σ′, R′).

We will define a ringoid RE such that any two equivalent sets E,E ′ of equations

give rise to isomorphic ringoids RE ' RE′ and RE, and that we can have a “good”

partial free resolution over RE introduced by Malbos and Mimram.

For a term t and a positive integer i, let κi(t) be the formal sum of contexts given

inductively by

κi(xi) = �, κi(xj) = 0 (i 6= j), κi(f(t1, . . . , tk)) =
k∑
j=1

f(t1, . . . , �︸︷︷︸
jth

, . . . , tk)[κi(tj)].
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Application of a formal sum of contexts to a context as appears in the last rule is

defined by C[D1 + · · · + Dn] = C[D1] + · · · + C[Dn]. Also, for a term t, symbol

f ∈ Σ(n), and n-tuple of terms u = 〈s1, . . . , sn〉, let ϕf,u(t) be the formal sum of all

contexts C satisfying C[f(s1, . . . , sn)] = t.

We define IE as the ideal of of Z〈K〉 generated by elements of the form

(κi(s)−κi(t), w), (ϕf,uv(t◦v)−ϕf,uv(s◦v)−ϕf,u(t)◦v+ϕf,u(s)◦v, w), (�, w1)−(�, w2)

for any s ≈E t, w1 ≈E w2. Then, define RE to be Z〈K〉/IE. 1 For a morphism x of

Z〈K〉, we write [x]E or just [x] for the equivalence class of x in RE. If we consider

the free module REP for a family P of sets P0, P1, . . . , we write C1pu1 + · · ·+Ckpuk

for [(C1, u1) + · · · + (Ck, uk)]p ∈ REP (i). By definition, for any E ′ equivalent to E,

RE′ is isomorphic to RE.

Let d = deg(E). Consider the right RE-module that maps any object n to Zd and

whose scalar multiplication · : Zd ×RE(m,n)→ Zd is given by [1] · [(C1, t1) + · · ·+

(Ck, tk)] = [k]. We write Zd also for this right RE-module. We show that the scalar

multiplication is well-defined. If C1 + · · ·+Ck = κi(s) and D1 + · · ·+Dk′ = κi(t) for

some s ≈ t, then k−k′ = #is−#it is divisible by d by the definition of deg(E). Thus,

[1] · [
∑k

i=1(Ci, t)−
∑k′

i=1(Di, t)] = [0]. Also, since the number of bicontexts in ϕf,u(t)

is the number of subterms f(u) in t, for any l ≈ r ∈ E, f ∈ Σ, t ∈ T (Σ), the linear

combination ϕf,tu(r◦t)−ϕf,tu(l◦t)−ϕf,u(r)+ϕf,u(l) consists of da contexts for some

nonnegative integer a. Therefore, [1] · [ϕf,u(r ◦ t)−ϕf (l ◦ t)−ϕf,u(r) +ϕf,u(l)] = [0],

so the scalar multiplication for Zd is well-defined.

1For the original definition of RE in [13], the generators ϕf,uv(t ◦ v)−ϕf,uv(s ◦ v)−ϕf,u(t) ◦ v+
ϕf,u(s) ◦ v was not given. However, we need these generators to prove ∂1(

ˆ̂t) = ϕ(t̂)− ϕ(t) which is
used to show ∂1 ◦ ∂2 = 0 in Appendix A of [13]. We do not need to change the other parts of the
proof.
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Let X1 be a singleton set {?}, Xi be the empty set for i = 0 or i = 2, 3, . . . , and

X be the family consisting of Xis. We define a left RE-module ZE to be the quotient

REX/N where N is the submodule of REX generated by
∑m

i=1 κi(u)◦t?ti−�?〈u◦t〉

for every term u with Var(u) ⊂ {x1, . . . , xm} and m-tuple t = 〈t1, . . . , tm〉 of terms.

The homology groups of equational theories are defined as follows: 1. Take a free

resolution of ZE

· · · → F2
∂1−→ F1

∂0−→ F0
ε−→ ZE → 0,

2. obtain the chain complex

· · · → Zd ⊗ F2
Zd⊗∂1−−−→ Zd ⊗ F1

Zd⊗∂0−−−→ Zd ⊗ F0,

3. then the homology group Hi(Σ, E) is defined as

Hi(Σ, E) = ker ∂i−1/ im ∂i.

Theorem 37 can be generalized to modules over ringoids [15], so the homology group

Hi(Σ, E) only depends on the Tietze-equivalence class of (Σ, E).

We construct a partial free resolution of ZE

REPE
2

∂E1−→ REP1

∂E0−→ REP0
εE−→ ZE → 0 (5.3)
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as follows. First, P0,P1, PE
2 are families of sets (P0)j, (P1)j, (PE

2 )j given as

(P0)j =

{1} (j = 1)

∅ (j 6= 1)

, (P1)j = Σ(j) = {f ∈ Σ | f has arity j}

(PE
2 )j = {l ≈ r ∈ E | Var(l) ∪ Var(r) ⊂ {x1, . . . , xj}}.

Then, we define RE-linear maps εE, ∂E0 , ∂E1 as

εE(1) = ?, ∂E0 (f) =
n∑
i=1

f(x1, . . . , �︸︷︷︸
ith

, . . . , xn)1〈xi〉 − 1〈f(x1, . . . , xn)〉,

∂E1 (l ≈ r) = ϕ(r)− ϕ(l)

where ϕ : Term(Σ)→ REP1 is defined inductively as

ϕ(xi) = 0, ϕ(f(t1, . . . , tn)) = f〈t1, . . . , tn〉+
n∑
i=1

f(t1, . . . , �︸︷︷︸
ith

, . . . , tn)ϕ(ti).

For any term t, ϕ(t) can be written as

ϕ(t) =
∑
f,u

ϕf,u(t)fu (5.4)

where the sum takes all f ∈ Σ and ar(f)-tuples u of terms.

Lemma 48. For any terms t, s with t ≈E s, context C, and n-tuple v of terms,

ϕ(C[t ◦ v])− ϕ(C[s ◦ v]) = Cϕ(t)v − Cϕ(s)v. (5.5)
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Proof.

Cϕ(t)v − Cϕ(s)v = C

(∑
f,u

ϕf,u(t)fu− ϕf,u(s)fu

)
v

= C

(∑
f,u

ϕf,u(t)vfuv − ϕf,u(s)vfuv

)

= C

(∑
f,uv

ϕf,u(tv)fuv − ϕf,uv(sv)fuv

)

= C (ϕ(tv)− ϕ(sv))

If there is a complete TRS R of E, we can extend the sequence (5.3) to

RPR
3

∂R2−→ RPR
2

∂R1−→ RP1

∂R0−→ RP0
εR−→ ZR → 0. (5.6)

Here, PR
3 is the family of sets (PR

3 )j where each (PR
3 )j consists of 5-tuples (l →

r, t, C, l′ → r′, t′) such that

• l ◦ t = C[l′ ◦ t′] and r ◦ t← l ◦ t = C[l′ ◦ t′]→ C[r′ ◦ t′] is a critical peak, and

• either l→ r or l′ → r′ is in (PR
2 )j and the other is in (PR

2 )k for some k ≤ j.

For such a 5-tuple α = (l→ r, t, C, l′ → r′, t′), ∂R2 (α) is defined as

∂R2 (α) = l′ → r′t′ − Cl→ rt+ r′ ◦ t′
∧∧

− C[r ◦ t]
∧∧

where ˆ̂s is defined for any term s as follows. Suppose s is rewritten to its normal
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form ŝ by rewrite rules p1 → q1, . . . , pk → qk ∈ R as

s = C1[p1◦u1], C1[q1◦u1] = C2[p2◦u2], . . . , Ck−1[qk−1◦uk−1] = Ck[pk◦uk], Ck[qk◦uk] = ŝ

for some Cis and uis. Then, ˆ̂s =
∑k

i=1 Cipi → qiui. We will omit the superscript R

of PR
i and ∂Ri if there is no confusion.

Theorem 49. [13] If R is a complete TRS, the sequence (5.6) is exact.

The following lemma is useful for the next section.

Lemma 50. Let E be a set of equations with degree d. For any family P of sets

P0, P1, . . . , we have an abelian group isomorphism Zd⊗REREP ' Zd
⊎
P where

⊎
P

is the disjoint union of Pis and the right-hand side is the free Zd-module generated

by
⊎
P .

Proof. Consider the abelian group homomorphism ψ : Zd
⊎
P → Zd⊗REREP , p 7→

1⊗ p. Then, ψ is surjective since 1⊗Cpu = 1 · [(C, u)]⊗ p = 1⊗ p for any 1⊗Cpu ∈

Zd⊗REREP . Let γi : Zd⊗(REP (i))→ Zd
⋃
P be the abelian group homomorphism

1 ⊗ Cpu 7→ p. We can check that γis form an extranatural transformation γ, so we

have φ : Zd⊗REREP → Zd
⊎
P with γi = φ◦ζi for ζi : Zd⊗(REP (i))→ Zd⊗⊗REP .

Then, φ(ψ(p)) = φ(ζi(1⊗ p)) = γi(1⊗ p) = p. Thus, ψ is an isomorphism.

As special cases of this lemma, we have Zd⊗RRP0
∼= (Zd)Σ, Zd⊗RRP1

∼= (Zd)R,

and Zd ⊗R RP2
∼= (Zd)

⊎
PR

3 . Additionally, we can see each group homomorphism

∂̃i (i = 0, 1, 2) is a Zd-linear map.
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5.2 Lower Bounds

Let (Σ, R) be a complete TRS. In this section, we prove Theorem 7. We first show

the following lemma.

Lemma 51. Let d = deg(R). If d = 0 or d is prime, #R − e(R) = s(H2(Σ, R)) +

s(im ∂̃1). (Recall that s(G) is the minimum number of generators of a group G.)

Proof. By definition, D(R) is a matrix representation of ∂̃2. Suppose d is prime. In

this case, s(H2(Σ, R)) is equal to the dimension of H2(Σ, R) as a Zd-vector space.

By the rank-nullity theorem, we have

dim(H2(Σ, R)) = dim(ker ∂̃1)− dim(im ∂̃2)

= dim(Zd ⊗R RP1)− dim(im ∂̃1)− dim(im ∂̃2)

= dim((Zd)R)− dim(im ∂̃1)− rank(D(R))

= #R− dim(im ∂̃1)− e(R).

Suppose d = 0. We show H2(Σ, R) ∼= Z#R−r−k × Ze1 × · · · × Zer where r =

rank(D(R)), k = s(im ∂̃1), and e1, . . . , er are the elementary divisors of D(R). Let

∂1 : Z⊗R RP1/ im ∂̃2 → Z⊗R RP0

be the group homomorphism defined by [x] 7→ ∂̃1(x). ∂1 is well-defined since

im ∂̃2 ⊂ ker ∂̃1, and ker ∂1 is isomorphic to ker ∂̃1/ im ∂̃2 = H2(Σ, R). By taking

the basis v1, . . . , v#R of Z ⊗R RP1
∼= ZR such that D(R) is the matrix represen-

tation of ∂̃2 under the basis v1, . . . , v#R and some basis of Z ⊗R RP2, we can see

Z⊗R RP1/ im ∂̃2
∼= Z#R−r × Ze1 × · · · × Zek . Suppose ∂1(ei[x]) = 0 for some x and
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i = 1, . . . , r. Since ∂1 is a homomorphism, ∂1(ei[x]) = ei∂1([x]) ∈ Z ⊗R RP0
∼= ZΣ

holds. Since ZΣ is free, we have [x] = 0. Therefore, ker ∂1 is included in the sub-

set of Z ⊗R RP1/ im ∂̃2 isomorphic to Z#R−r × {0} × · · · × {0}. Thus, ker ∂1
∼=

Z#R−r−k × Ze1 × · · · × Zer .

Let G be Z#R−r−k×Zee(R)+1
×· · ·Zer . Since Ze is a trivial group if e is invertible,

Z#R−r−k×Ze1×· · ·×Zek ∼= G. The group G is generated by (1, 0, . . . , 0︸ ︷︷ ︸
#R−r−k

, [0], . . . , [0]︸ ︷︷ ︸
r−e(R)

),

. . . , (0, . . . , 0, 1, [0], . . . , [0]), . . . , (0, . . . , 0, [1], [0], . . . , [0]), . . . , (0, . . . , 0, [0], . . . , [0], [1]),

so we have s(G) ≤ #R − r − k + r − e(R) = #R − k − e(R). Let p be a prime

number which divides ee(R)+1. We can see G/pG ∼= (Zp)#R−k−e(R). It is not hard to

see s(G) ≥ s(G/pG), and since G/pG is a Zp-vector space, s(G/pG) = dim(G/pG) =

#R− k − e(R). Thus, s(H2(Σ, R)) = s(G) = #R− s(im ∂̃1)− e(R).

This lemma proves Lemma 6 since e(R) = #R− s(H2(Σ, R))− s(im ∂̃1) and the

RHS does not depend on the rewriting strategy. Also, Theorem 7 is implied by the

following theorem:

Theorem 52. Let (Σ, R) be a TRS and d = deg(R). If d = 0 or d is prime,

#R ≥ s(H2(Σ, R)) + s(im ∂̃1). (5.7)

Proof. By the first isomorphism theorem, we have an isomorphism between Zd-

modules

im ∂̃1 ' Zd ⊗R RP2/ ker ∂̃1
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and by the third isomorphism theorem, the right hand side is isomorphic to

Zd ⊗R RP2/ ker ∂̃1 '
(
Zd ⊗R RP2/ im ∂̃2

)
/
(

ker ∂̃1/ im ∂̃2

)
'
(
Zd ⊗R RP2/ im ∂̃2

)
/H2(Σ, R).

Thus, we obtain the following exact sequence by Proposition 38:

0→ H2(Σ, R)→ Zd ⊗R RP2/ im ∂̃2 → im ∂̃1 → 0.

By Theorem 33, since im ∂̃1 ⊂ Zd ⊗R RP1
∼= (Zd)R and (Zd)R is a free Zd-module,

im ∂̃1 is also free and by Proposition 39, we have Zd⊗RRP2/ im ∂̃2
∼= H2(Σ, R)×im ∂̃1.

Therefore, s(Zd ⊗R RP2/ im ∂̃2) = s(H2(Σ, R)) + s(im ∂̃1). Since Zd ⊗R RP2/ im ∂̃2

is generated by [l1 → r1], . . . , [lk → rk] if R = {l1 → r1, . . . , lk → rk}, we obtain

k = #R ≥ s(Zd ⊗R RP2/ im ∂̃2) = s(H2(Σ, R)) + s(im ∂̃1).

Thus, we get (5.7).

Now, we prove our main theorem, Theorem 7.

Proof of Theorem 7. As we stated, H2(Σ, R) depends only on the Tietze equiva-

lence class of (Σ, R) and particularly, H2(Σ, R′) is isomorphic to H2(Σ, R) if R′ is

equivalent to R (in the sense ∗←→R =
∗←→R′). Let us show s(im ∂̃1) depends only

on the equivalence class of R. For a left R-module M , rank(M) denotes the car-

dinality of a minimal linearly independent generating set of M , that is, a minimal

generating set S of G such that r1s1 + · · · + rksk = 0 =⇒ r1 = · · · = rk = 0

for any r1, . . . , rk ∈ R, s1, . . . , sk ∈ S. It can be shown that rank(M) = s(M)
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if M is free. Especially, s(im ∂̃1) = rank(im ∂̃1) since im ∂̃1 ⊂ ZR if deg(R) = 0.

Also, rank(im ∂̃1) = rank(ker ∂̃0) − rank(ker ∂̃0/ im ∂̃1) is obtained by a general the-

orem [18, Ch 10, Lemma 10.1]. By definition, ∂̃0 does not depend on R. Since

ker ∂̃0/ im ∂̃1 = H1(Σ, R) depends only on the Tietze quivalence class of R, two sets

of rules R,R′ with ∗←→R =
∗←→R′ give the same rank(im ∂̃1).

In conclusion, for any TRS R′ equivalent to R, we obtain #R′ ≥ s(H2(Σ, R)) +

s(im ∂̃1) = #R− e(R).
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Chapter 6

Unifiability

In this section, we show the result about E-unifiability, Theorem 14. For that, we

first define the abelian group H(E) and the homomorphism H(E → E ′) for sets

E,E ′ of equations, and then prove the abstract version of Theorem 14 stated as

follows:

Theorem 53. Let Σ be a signature, E be a set of equations of Term(Σ) and t, s ∈

Term(Σ) be two terms. If t, s are E-unifiable, then H(E → E∪{t ≈ s}) is surjective.

We will later show how Theorem 53 implies Theorem 14.

The abelian group H(E) is defined using the maps ∂Ei introduced in Secion 5.1.

Definition 54. For a set E of equations, we define the abelian group H(E) by

H(E) = Zd ⊗RE ker ∂E0 = Zd ⊗RE im ∂E1 (d = deg(E)).

If two sets E,E ′ of equations are equivalent, since RE and RE′ are isomorphic
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and ∂E0 = ∂E
′

0 , we have H(E) ' H(E ′). That is, we can see that H(E) is invariant

under the equivalence of E. (This holds especially since we are fixing a signature Σ.)

Let E,E ′ be sets of equations with E∗ ⊂ E ′∗. Then, the functor πE,E′ : RE → RE′

given as [(C1, u1) + · · ·+ (Ck, uk)]
E 7→ [(C1, u1) + · · ·+ (Ck, uk)]

E′ is well-defined. For

a family of sets P , πE,E′ extends to πE,E
′

P : REP → RE′P . Then, we can see that

the diagram

REP1 REP0

RE′P1 RE′P0

∂E0

πE,E′
P1

πE,E′
P0

∂E
′

0

commutes. Therefore, if we restrict πE,E
′

P1
to ker ∂E0 , we get πE,E

′

P1
|ker ∂E0

: ker ∂E0 →

ker ∂E
′

0 . Let d = deg(E) and d′ = deg(E ′). Since E∗ ⊂ E ′∗, d′ divides d and we can

define a group homomorphism qd,d
′

: Zd → Zd′ as qd,d
′
(n + dZ) = n + d′Z. Consider

the composition of abelian group homomorphisms

Zd ⊗ (ker ∂E0 (k))
fk−→ Zd′ ⊗ (ker ∂E

′

0 (k))
ζk−→ Zd′ ⊗RE′ ker ∂E

′

0

where fk = qd,d
′ ⊗ (πE,E

′

P1
|ker ∂E0

(k)) and ζk is the extranatural transformation given

in the definition of tensor product. Since ζk ◦ fk (k = 0, 1, . . . ) form an extranatural

transformation, we get an abelian group homomorphism Zd ⊗RE ker ∂E0 → Zd′ ⊗RE′

ker ∂E
′

0 by naturality and let H(E → E ′) denote it. That is, H(E → E ′) makes the

following diagram commute.

Zd ⊗ (ker ∂E0 (k)) Zd ⊗RE ker ∂E0

Zd′ ⊗ (ker ∂E
′

0 (k)) Zd ⊗RE′ ker ∂E
′

0

ζk

fk H(E→E′)

ζk

(6.1)
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Thus, we have obtained an abelian group homomorphism H(E → E ′) : H(E) →

H(E ′).

Now, we can prove Theorem 53.

Proof of Theorem 53. Let F = E ∪ {t ≈ s}. If tσ ≈E sσ for some σ, then E is

equivalent to E ′ = E ∪ {tσ ≈ sσ} and F is equivalent to F ′ = F ∪ {tσ ≈ sσ}.

Since Zd ⊗RF ′ RF ′PF ′
2 is freely generated by 1 ⊗ l ≈ r for l ≈ r ∈ F ′ (Lemma 50),

H(F ′) = Zd⊗RF ′ im ∂F
′

1 is generated by 1⊗∂F ′1 (l ≈ r) for l ≈ r ∈ F ′. For l ≈ r ∈ E ′,

since H(E ′ → F ′)(1 ⊗ ∂E
′

1 (l ≈ r)) = 1 ⊗ ∂F
′

1 (l ≈ r), to show the surjectivity of

H(E ′ → F ′), it suffices to check that 1 ⊗ ∂F ′1 (t ≈ s) is in imH(E ′ → F ′). We have

1⊗ ∂F ′1 (t ≈ s− tσ ≈ sσ) = 0 ∈ Zd ⊗ im ∂F
′

1 since

1⊗ ∂F ′1 (t ≈ s− tσ ≈ sσ) = 1⊗ (ϕ(s)− ϕ(t)− ϕ(sσ) + ϕ(tσ))

= 1⊗ (ϕ(s)− ϕ(t))− 1⊗ (ϕ(sσ)− ϕ(tσ))

= 1⊗ (ϕ(s)σ − ϕ(t)σ)− 1⊗ (ϕ(sσ)− ϕ(tσ)) = 0.

Therefore, 1⊗∂F ′1 (t ≈ s) = 1⊗∂F ′1 (tσ ≈ sσ) in Zd⊗RF im ∂F
′

1 . Also, since tσ ≈ sσ ∈

E ′, we have 1⊗∂F ′1 (tσ ≈ sσ) = H(E ′ → F ′)(1⊗∂E′1 (tσ ≈ sσ)). Thus, 1⊗∂F ′1 (t ≈ s) ∈

imH(E ′ → F ′).

We show that Theorem 53 implies Theorem 14. Suppose R is a complete TRS

with degree d. First, notice that if d = 1, then Zd is a trivial group and so is

H(R). Hence Theorem 52 is not interesting in that case. We write ∂̃R2 for the map

Zd ⊗ ∂R2 : Zd ⊗RR RRPR
3 → Zd ⊗RR RRPR

2 and write ∂̌R1 for the map Zd ⊗ (∂R1 :
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RRPR
2 → im ∂R1 ). Since the sequence

Zd ⊗RR RRPR
3

∂̃R2−→ Zd ⊗RR RRPR
2

∂̌R1−→ Zd ⊗RR im ∂R1 → 0

is exact, H(E) = Zd ⊗RR im ∂R1 is isomorphic to Zd ⊗RR RRPR
2 / im ∂̃R2 .

Let E be a set of equations with degree d′ and R be a complete TRS with

degree d such that E∗ ⊂ R∗. We define h : Zd′ ⊗RE REPE
2 → Zd ⊗RR RRPR

2 by

h(1⊗ t ≈ s) = 1⊗ (ˆ̂t− ˆ̂s).

Lemma 55. ∂̌R1 ◦ h = H(E → R) ◦ ∂̌E1 . That is, the following diagram commutes:

Zd′ ⊗RE REPE
2 Zd′ ⊗RE im ∂E1

Zd ⊗RR RRPR
2 Zd ⊗RR im ∂R1 .

∂̌E1

h H(E→R)

∂̌R1

Proof. First, we show, by induction, ∂̌R1 (1⊗ ˆ̂t) = 1⊗ (ϕ(t̂)−ϕ(t)) ∈ Zd⊗RR im ∂R1 for

any term t. If ˆ̂t = 0, or equivalently, t is normal, then the equality trivially holds. If
ˆ̂t = Cl ≈ ru+ ˆ̂t′ (C[l ◦ u] = t, C[r ◦ u] = t′) and ∂̌R1 (1⊗ ˆ̂t′) = 1⊗ (ϕ(t̂)−ϕ(t′)), then

∂̌R1 (1⊗ ˆ̂t) = 1⊗ (ϕ(t̂)−ϕ(t′) +ϕ(r)−ϕ(l)). Since 1⊗ (ϕ(r)−ϕ(l)) = 1⊗ (Cϕ(r)u−

Cϕ(l)u) = 1⊗ (ϕ(t′)− ϕ(t)), we have ∂̌R′1 (ˆ̂t) = 1⊗ (ϕ(t̂)− ϕ(t)).

Now, we have ∂̌R1 (h(1⊗ t ≈ s)) = ∂̌R1 (1⊗ ˆ̂t)− ∂̌R1 (1⊗ ˆ̂s) = 1⊗ (ϕ(s)− ϕ(t)) and

thus H(E → R)(∂̌E1 (1⊗ t ≈ s)) = 1⊗ (ϕ(s)− ϕ(t)).

The above lemma implies that the map

h : Zd′ ⊗RE REPE
2 / ker ∂̌E1 → Zd ⊗RR RRPR

2 / ker ∂̌R1 , [x] 7→ [h(x)]
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is well-defined since if x ∈ ker ∂̌E1 , then ∂̌R1 (h(x)) = H(E → R)(∂̌E1 (x)) = 0. Also,

H(E → R) is surjective iff h is surjective since we have the diagram

Zd′ ⊗RE REPE
2 / ker ∂̌E1 Zd′ ⊗RE im ∂E1

Zd ⊗RR RRPR
2 / ker ∂̌R1 Zd ⊗RR im ∂R1 .

'

h H(E→R)

'

Theorem 14 follows from Theorem 53 and the lemma below.

Lemma 56. The map H(E → R) is surjective iff the matrix (D(E)|U(E,R)) is

equivalent to In,m and n ≤ m where n (resp. m) is the number of rows (resp.

columns) in (D(R)|U(E,R)).

Proof. We can see that U(E,R) is a matrix representation of h and D(R) is a matrix

representation of ∂̃R2 . So, (D(E)|U(E,R)) is equivalent to In,m and n ≤ m iff the

map

(Zd ⊗RR RRPR
3 )× (Zd ⊗RE REPE

2 )→ Zd ⊗RR RRPR
2 , (x, y) 7→ ∂̃R2 (x) + h(y)

is surjective.

Suppose H(E → R) is surjective. Then, h is surjective and so for any z ∈

Zd ⊗RR RRPR
2 , we have y ∈ Zd′ ⊗RE REPE

2 and z′ ∈ ker ∂̌R1 satisfying z = h(y) + z′.

Since ker ∂̌R1 = im ∂̃R2 , there exists x such that ∂̃R2 (x) = z′. Therefore, the map

(x, y) 7→ ∂̃2(x) + h(y) is surjective. The converse can be shown in a similar way.

The above lemma implies that the necessary condition stated in Theorem 14 is

independent of the choice of rewriting strategy. (∵ The map H(E → R) is defined

independently from rewriting strategies.)
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Chapter 7

Related Work

The fact that the theory of groups over the signature {·, −1, e} cannot be presented

by a single axiom was stated by Tarski [22], and published proofs were given by

Neumann [16] and Kunen [12].

The homology of equational theories is first developed by Jibladze and Pirashvili

[11]. Malbos-Mimram’s partial free resolution is a generalization of Squier’s partial

free resolution for string rewriting systems (SRS) [20]. Squire showed that, using

his resolution, there exists an SRS that does not have any equivalent complete SRS

with a finite number of rewrite rules. Inequalities like (5.7) appear in other homology

theories. Inequality (4.1) for simplicial complexes is an example, and there are similar

inequalities for homology of groups [4] and Morse theory [14].
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Chapter 8

Future Work and Conclusion

8.1 Conclusion

We have proved an inequality about the number of equational axioms/rewrite rules

(Theorem 7), and a necessary condition for E-unification (Theorem 14). Both the-

orems are obtained using homological algebra of equational theories. Theorem 7 is

the first result providing a nontrivial lower bounds of the number of axioms/rules

for various equational theories/TRSs. Theorem 14 may ensure that E-unification

problems t ≈?
E s does not have any solutions if E ∪ {t ≈ s} has a complete TRS.

8.2 Future Work

There are several directions for future work. My main theorems require complete

TRSs, which are not easy to obtain in general. For example, an equational theory

with a commutative law does not have any equivalent terminating TRS. To extend
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my methodology to such theories, it should be useful to generalize Malbos-Mimram’s

construction to rewriting modulo commutativity.

Also, I would like to use my methodology to show that a given TRS does not have

any equivalent complete TRSs with finite rewrite rules. Since existing completion

procedures generally do not terminate in that case, such a method is helpful to have.
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Appendix A

Experimental Results

We present our experimental data in Table 1 and Table 2. The data set of complete

TRSs is taken from experimental results of MKBtt [19], which include benchmark

problems [21],[24],[7]. The column headed “degree” shows the degree of the TRS,

the column #Rbefore the number of rules, the column #Rafter the number of rules

after completion, the column s(H2) Malbos-Mimram’s lower bound, and the column

#Rafter− e(R) our lower bound. The table is also available at https://mir-ikbch.

github.io/homtrs/experiment/result.html which has links to TRS files.

ASK93_1

w(a(x)) -> a(b(x))

a(c(x)) -> a(b(c(x)))

ASK93_6

x(w(e(f(z)))) -> x(w(e(g(z))))

e(g(c(z))) -> d(g(c(z)))

79

https://mir-ikbch.github.io/homtrs/experiment/result.html
https://mir-ikbch.github.io/homtrs/experiment/result.html


x(w(d(z))) -> x(w(i(z)))

u(b(c(z))) -> o(z)

x(w(i(g(c(z))))) -> o(z)

x(w(a(z))) -> u(z)

a(b(c(z))) -> e(f(c(z)))

j(f(z)) -> z

h(j(z)) -> w(e(z))

y(b(z)) -> g(z)

i(y(z)) -> a(z)

BD94_collapse

c -> a

g(x) -> x

f(x, b) -> x

f(x, g(y)) -> f(g(x), y)

f(b, z) -> c

BD94_peano

+(x, 0) -> x

+(x, s(y)) -> s(+(x, y))

*(x, 0) -> 0

*(x, s(y)) -> +(*(x, y), x)

BD94_sqrt

i(0) -> 0
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sqrt(+(i(x), x)) -> 0

+(i(0), 0) -> 0

BGK94_D08

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

f(a, f(a, f(a, a))) -> e

f(b, b) -> e

f(a, b) -> f(b, i(a))

BGK94_D10

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

f(a, f(a, f(a, f(a, a)))) -> e

f(b, b) -> e

f(a, b) -> f(b, i(a))

BGK94_D12

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

f(a, f(a, f(a, f(a, f(a, a))))) -> e

f(b, b) -> e

f(a, b) -> f(b, i(a))
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BGK94_D16

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

f(a, f(a, f(a, f(a, f(a, f(a, f(a, a))))))) -> e

f(b, b) -> e

f(a, b) -> f(b, i(a))

BH96_fac8_theory

+(x,0) -> x

+(x,s(y)) -> s(+(x,y))

*(x,0) -> 0

*(x,s(y)) -> +(*(x,y),x)

fac(0) -> s(0)

fac(s(x)) -> *(s(x),fac(x))

Chr89_A2

f(f(x, y), z) -> f(x, f(y, z))

f(a1, y) -> y

f(a2, y) -> y

f(x, i1(x)) -> a1

f(x, i2(x)) -> a2

Chr89_A3
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f(f(x, y), z) -> f(x, f(y, z))

f(a1, y) -> y

f(a2, y) -> y

f(a3, y) -> y

f(x, i1(x)) -> a1

f(x, i2(x)) -> a2

f(x, i3(x)) -> a3

KK99_linear_assoc

+(+(x, y), z) -> +(x, +(y, z))

f(+(x, y)) -> +(f(x), f(y))

LS94_G0

f(x, f(y,z)) -> f(f(x,y), z)

f(x, i(x)) -> e

f(i(x), x) -> e

f(x, e) -> x

f(e, x) -> x

a(a(x)) -> x

b(b(x)) -> x

a(b(a(b(a(b(x)))))) -> x

Les83_fib

+(0, x) -> x

+(s(x), y) -> s(+(x, y))
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+(+(x, y), z) -> +(x, +(y, z))

fib(0) -> 0

fib(s(0)) -> s(0)

fib(s(s(x))) -> +(fib(x), fib(s(x)))

dfib(0, y) -> y

dfib(s(0), y) -> s(y)

dfib(s(s(x)), y) -> dfib(s(x), dfib(x, y))

Les83_subset

if(tt, x, y) -> x

if(ff, x, y) -> y

if(x, y, y) -> y

if(x, tt, ff) -> x

eq(0, 0) -> tt

eq(0, s(x)) -> ff

eq(s(x), 0) -> ff

eq(s(x), s(y)) -> eq(x, y)

has(empty, x) -> ff

has(+(u, x), y) -> if(eq(x, y), tt, has(u, y))

subset(empty, v) -> tt

subset(+(u, x), v) -> if(has(v, x), subset(u, v), ff)

OKW95_dt1_theory

fib(0) -> s(0)

fib(s(0)) -> s(0)
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fib(s(s(x))) -> +(fib(s(x)),fib(x))

dfib(0) -> s(0)

dfib(s(0)) -> s(0)

dfib(s(s(x))) -> +(dfib(s(x)),+(dfib(x),dfib(x)))

+(x,s(y)) -> s(+(x,y))

+(x,0) -> x

-(s(x),s(y)) -> -(x,y)

-(x,0) -> x

p(x) -> -(x, s(0))

SK90_3.01

*(one, y) -> y

*(i(x), x) -> one

*(*(x, y), z) -> *(x, *(y, z))

div(x, y) -> *(x, i(y))

SK90_3.02

f(f(x)) -> x

+(f(x), f(y)) -> f(+(x, y))

+(+(x, y), z) -> +(x, +(y, z))

SK90_3.03

d(d(x, x), d(d(y, y), y)) -> y

d(d(x, y), d(z, y)) -> d(x, z)

d(x, x) -> one
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d(one, y) -> i(y)

d(x, i(y)) -> *(x, y)

SK90_3.04

*(*(x, y), z) -> *(x, *(y, z))

*(one, y) -> y

g(x) -> *(f(x), x)

*(g(x), y) -> y

SK90_3.05

*(*(x, y), *(y, z)) -> y

*(*(x, x), x) -> f(x)

*(x, *(x, x)) -> g(x)

*(g(x), y) -> *(x, y)

SK90_3.06

*(x, *(y, z)) -> *(*(x, y), z)

*(1, 1) -> 1

*(x, i(x)) -> 1

g(*(x, y), y) -> f(*(x, y), x)

f(1, y) -> y

SK90_3.07

+(+(x, y), z) -> +(x, +(y, z))

+(0, 0) -> 0
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+(x, -(x)) -> 0

f(0, y, z) -> y

g(+(x, y), y) -> f(+(x, y), x, y)

SK90_3.08

*(x, \(x, y)) -> y

\(x, *(x, y)) -> y

/(*(x, y), y) -> x

*(/(x, y), y) -> x

*(x, *(y, x)) -> y

SK90_3.10

f(x, *(x, y)) -> y

g(*(x, y), y) -> x

*(x, one) -> x

*(one, y) -> y

SK90_3.11

p(0) -> 0

p(s(x)) -> x

+(x, 0) -> x

s(+(x, p(y))) -> +(x, y)

SK90_3.12

/(x, x) -> 1
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/(x, 1) -> x

i(/(x, y)) -> /(y, x)

/(/(x, y), z) -> /(x, /(z, i(y)))

SK90_3.13

+(+(x, y), z) -> +(x, +(y, z))

+(x, 0) -> x

*(*(x, y), z) -> *(x, *(y, z))

*(x, 1) -> x

exp(0) -> 1

exp(+(x, y)) -> *(exp(x), exp(y))

SK90_3.14

s(s(x)) -> x

f(0,y) -> y

f(s(x),y) -> s(f(x,y))

f(f(g(x,y), 0), 0) -> g(x,y)

g(0,y) -> y

g(s(x),y) -> f(g(x,y),0)

h(0) -> s(0)

SK90_3.15

p(s(x)) -> x

eq(x, x) -> true

eq(s(x),x) -> false
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eq(x, s(x)) -> false

eq(s(x), s(y)) -> eq(x, y)

eq(x, p(x)) -> false

eq(p(x), x) -> false

eq(p(x), p(y)) -> eq(x, y)

SK90_3.16

car(.(x, y)) -> x

cdr(.(x, y)) -> y

.(car(x), cdr(x)) -> x

atom(.(x, y)) -> false

SK90_3.17

or(&(x, y), &(z, y)) -> &(or(x, z), y)

&(x, x) -> x

or(x, x) -> x

SK90_3.18

@(nil, y) -> y

@(.(x,y), z) -> .(x, @(y,z))

rev(nil) -> nil

rev(.(x,y)) -> @(rev(y), .(x, nil))

rev(rev(x)) -> x

SK90_3.19
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@(nil, y) -> y

@(.(x,y), z) -> .(x, @(y,z))

@(@(x,y), z) -> @(x, @(y,z))

reviter(nil, y) -> y

reviter(.(x,y), z) -> reviter(y, .(x,z))

rev(nil) -> nil

rev(.(x,y)) -> @(rev(y), .(x, nil))

@(rev(x), y) -> reviter(x, y)

rev(x) -> reviter(x, nil)

SK90_3.20

eq(x,x) -> true

eq(nil, end(y,z)) -> false

eq(end(x,y), nil) -> false

eq(end(x,y), end(u,v)) -> and(eq(y, v), eq(x, u))

f(x, nil) -> end(nil, x)

f(x, end(y,z)) -> end(f(x,y), z)

.(nil, y) -> y

.(end(x,y), z) -> .(x, f(y, z))

null(nil) -> true

null(end(x,y)) -> false

SK90_3.21

f(x, nil) -> g(nil,x)

f(x, g(y, z)) -> g(f(x, y), z)
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g(g(x,y),y) -> g(x,y)

g(cdr(g(x,y)),y) -> cdr(g(x,y))

cons(x,nil) -> x

cons(x,g(y,z)) -> g(cons(x, y), z)

cdr(nil) -> nil

cdr(g(nil,y)) -> nil

cdr(g(g(x, y), z)) -> g(cdr(g(x, y)), z)

SK90_3.23

b(d(x)) -> x

d(a(x)) -> e(x)

e(c(x)) -> a(x)

c(e(x)) -> a(x)

SK90_3.24

a(b(a(x))) -> b(a(x))

c(x) -> a(x)

c(x) -> b(x)

SK90_3.25

a(b(a(a(b(x))))) -> a(x)

SK90_3.27

a(x) -> c(c(c(b(c(c(x))))))

b(c(b(x))) -> c(c(b(c(x))))
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b(c(c(b(x))))-> c(c(c(c(c(c(b(c(c(c(c(c(x))))))))))))

b(c(c(c(b(x))))) -> c(b(c(c(c(c(x))))))

b(b(c(c(c(b(x)))))) -> c(c(c(c(b(c(c(x)))))))

b(c(c(c(c(c(b(x))))))) -> c(c(x))

b(c(c(c(c(c(c(b(x)))))))) -> c(c(c(c(c(b(c(c(c(x)))))))))

c(c(c(c(c(c(c(x))))))) -> x

SK90_3.28

b(u(x)) -> a(b(x))

a(u(x)) -> x

a(w(x)) -> c(a(x))

c(v(x)) -> b(c(x))

b(v(x)) -> x

c(w(x)) -> x

u(a(x)) -> x

v(b(x)) -> x

w(c(x)) -> x

SK90_3.29

a(c(x)) -> e(a(x))

a(d(x)) -> v(a(x))

b(c(x)) -> e(b(x))

b(d(x)) -> v(b(x))

a(u(x)) -> b(u(x))

u(x) -> c(w(x))

d(w(x)) -> u(x)
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SK90_3.30

f(g(x), x) -> a

f(g(x), y) -> h(y)

f(g(x), f(y,z)) -> k(f(g(x),y), f(g(x),z))

SK90_3.31

f(x, h(y)) -> j(x)

f(h(x),y) -> j(h(x))

g(f(x,x)) -> i(x)

SK90_3.32

f(x,x) -> x

f(g(x),y) -> g(x)

g(g(x)) -> x

SK90_3.33

f(g(x)) -> g(x)

g(a) -> a

g(g(x)) -> x

TPTP-BOO027-1_theory

multiply(X,add(Y,Z)) -> add(multiply(Y,X),multiply(Z,X))

add(X,inverse(X)) -> one

add(multiply(X,inverse(X)),add(multiply(X,Y),multiply(inverse(X),Y))) -> Y
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add(multiply(X,inverse(Y)),add(multiply(X,Y),multiply(inverse(Y),Y))) -> X

add(multiply(X,inverse(Y)),add(multiply(X,X),multiply(inverse(Y),X))) -> X

TPTP-COL053-1_theory

response(compose(X,Y),W) -> response(X,response(Y,W))

TPTP-COL056-1_theory

response(compose(X,Y),W) -> response(X,response(Y,W))

response(a,b) -> c

esponse(a,c) -> b

TPTP-COL060-1_theory

apply(apply(apply(b,X),Y),Z) -> apply(X,apply(Y,Z))

apply(apply(t,X),Y) -> apply(Y,X)

TPTP-COL085-1_theory

response(a,b) -> b

TPTP-GRP010-4_theory

multiply(multiply(X,Y),Z) -> multiply(X,multiply(Y,Z))

multiply(identity,X) -> X

multiply(inverse(X),X) -> identity

multiply(c,b) -> identity

TPTP-GRP011-4_theory
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multiply(multiply(X,Y),Z) -> multiply(X,multiply(Y,Z))

multiply(identity,X) -> X

multiply(inverse(X),X) -> identity

multiply(b,c) -> multiply(d,c)

TPTP-GRP012-4_theory

multiply(X,identity) -> X.

multiply(X,inverse(X)) -> identity

slothrop_ackermann

a(z,x) -> s(x)

a(s(x),z) -> a(x,s(z))

a(s(x),s(y)) -> a(x,a(s(x),y))

slothrop_cge

trans(trans(x,y), z) -> trans(x,trans(y,z))

trans(symm(x), x) -> refl

trans(refl,x) -> x

trans(f(x), f(y)) -> f(trans(x,y))

trans(f(x), g(y)) -> trans(g(y), f(x))

trans(g(x), g(y)) -> g(trans(x,y))

slothrop_cge3

trans(trans(x,y), z) -> trans(x,trans(y,z))

trans(symm(x), x) -> refl
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trans(refl,x) -> x

trans(f(x), f(y)) -> f(trans(x,y))

trans(f(x), g(y)) -> trans(g(y), f(x))

trans(h(x), f(y)) -> trans(f(y), h(x))

trans(g(x), g(y)) -> g(trans(x,y))

trans(g(x), h(y)) -> trans(h(y), g(x))

trans(h(x), h(y)) -> h(trans(x,y))

slothrop_endo

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

h(f(x,y)) -> f(h(x), h(y))

slothrop_equiv_proofs

trans(trans(x1,x2),x3) -> trans(x1,trans(x2,x3))

trans(refl,x1) -> x1

trans(x1,refl) -> x1

congror1(refl) -> refl

congror2(refl) -> refl

trans(congror1(x1),ortrue2) -> ortrue2

trans(congror2(x1),ortrue1) -> ortrue1

trans(orfalse1,x1) -> trans(congror2(x1),orfalse1)

trans(orfalse2,x1) -> trans(congror1(x1),orfalse2)

trans(trans(congror1(x1),congror2(x2)), trans(congror1(x3),congror2(x4)))
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-> trans(congror1(trans(x1,x3)), congror2(trans(x2,x4)))

trans(ortrue1,x1) -> ortrue1

trans(ortrue2,x1) -> ortrue2

slothrop_fgh

h(x,y) -> f(x)

h(x,y) -> f(y)

g(x,y) -> h(x,y)

g(x,y) -> a

slothrop_groups

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

slothrop_groups_conj

f(x,f(y,z)) -> f(f(x,y),z)

f(x,i(x)) -> e

f(x,e) -> x

f(e,x) -> x

i(f(y,x)) -> f(i(x),i(y))

slothrop_hard

plus(x,z) -> x

s(plus(x,y)) -> plus(x,s(y))
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Table A.1: Malbos-Mimram’s and our lower bounds (1)

name degree #Rbefore #Rafter s(H2) #Rafter − e(R)
ASK93_1 0 2 2 0 2
ASK93_6 0 11 11 0 9
BD94_collapse 1 5 5 – –
BD94_peano 1 4 4 – –
BD94_sqrt 2 3 4 0 3
BGK94_D08 2 6 21 2 5
BGK94_D10 2 6 21 1 4
BGK94_D12 2 6 20 2 5
BGK94_D16 2 6 20 2 5
BH96_fac8_theory 1 6 6 – –
Chr89_A2 2 5 18 0 4
Chr89_A3 2 7 16 0 6
KK99_linear_assoc 0 2 2 0 1
LS94_G0 2 8 13 1 4
Les83_fib 1 9 9 – –
Les83_subset 1 12 12 – –
OKW95_dt1_theory 1 11 11 – –
SK90_3.01 2 4 11 0 3
SK90_3.02 0 3 3 1 2
SK90_3.03 2 5 11 0 3
SK90_3.04 1 4 8 – –
SK90_3.05 1 4 13 – –
SK90_3.06 1 5 12 – –
SK90_3.07 1 5 15 – –
SK90_3.08 2 5 4 0 2
SK90_3.10 2 4 8 0 3
SK90_3.11 0 4 3 0 3
SK90_3.12 2 4 9 0 2
SK90_3.13 0 6 6 0 3
SK90_3.14 0 7 8 1 5
SK90_3.15 2 8 7 1 4
SK90_3.16 1 4 4 – –
SK90_3.17 1 3 5 – –
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Table A.2: Malbos-Mimram’s and our lower bounds (2)

name degree #Rbefore #Rafter s(H2) #Rafter − e(R)

SK90_3.18 0 5 6 2 4
SK90_3.19 0 9 7 1 4
SK90_3.20 1 10 11 – –
SK90_3.21 1 9 4 – –
SK90_3.23 0 4 8 1 4
SK90_3.24 0 3 2 0 2
SK90_3.25 0 1 2 0 1
SK90_3.27 0 8 3 0 3
SK90_3.28 0 9 18 0 6
SK90_3.29 0 7 8 2 7
SK90_3.30 1 3 3 – –
SK90_3.31 1 3 3 – –
SK90_3.32 1 3 2 – –
SK90_3.33 0 3 3 0 2
TPTP-BOO027-1_theory 1 5 5 – –
TPTP-COL053-1_theory 0 1 1 0 1
TPTP-COL056-1_theory 0 3 3 0 3
TPTP-COL060-1_theory 0 2 2 0 2
TPTP-COL085-1_theory 0 1 1 0 1
TPTP-GRP010-4_theory 2 4 11 1 3
TPTP-GRP011-4_theory 2 4 11 1 3
TPTP-GRP012-4_theory 2 4 10 0 2
slothrop_ackermann 1 3 3 – –
slothrop_cge 2 6 20 0 4
slothrop_cge3 2 9 28 0 5
slothrop_endo 2 4 14 0 3
slothrop_equiv_proofs 1 12 23 – –
slothrop_fgh 1 4 3 – –
slothrop_groups 2 3 10 0 2
slothrop_groups_conj 2 5 10 0 2
slothrop_hard 0 2 2 1 2
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