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ABSTRACT

Common techniques for semantic reasoning are often tied to the specific structures of
the languages and compilers that they support. This limitation restricts the extension and
composition of semantics in these systems. Additionally, mechanized proofs are usually either
highly manual or use similarly bespoke automation. As a result of these two limitations,
existing compiler-verification efforts do not admit critical modes of extension or reusability.

This thesis presents a framework, Pyrosome1, in the Rocq theorem prover in which verified
compilers are fully extensible, meaning that to extend a language simply requires defining and
verifying the compilation of the new feature, reusing the old correctness theorem for all other
cases. The novel enabling idea is an inductive formulation of equivalence preservation that
supports the addition of new rules to the source language, target language, and compiler.

Unfortunately, by being highly generic, such a system incurs nontrivial boilerplate. On
the other hand, the same regimented structure that necessitates this overhead makes my
framework particularly amenable to automation. As the second component of this thesis, I
present the first formally verified, language-generic e-graph library, following the structure of
the egglog fixpoint reasoning system. This verified e-graph library is of independent interest
to the Pyrosome framework. However, its connection to Pyrosome is to the mutual benefit of
both components. In one direction, it serves to automate the boilerplate of Pyrosome and
even some proofs that require notable insight. In the other direction, Pyrosome’s metatheory
serves as a high-level specification for and interface to the e-graph system.

As a case study, I present a multipass compiler from System F with simple references,
through CPS translation and closure conversion. Specifically, I demonstrate how I can build
such a compiler incrementally by starting with a compiler for simply typed lambda-calculus
and adding natural numbers, the unit type, recursive functions, and a global heap, then
extending judgments with a type environment and adding type abstraction, all while reusing
the original theorems. This case study validates both key components of the thesis by showing
how the modularity of Pyrosome allows verification to proceed incrementally and how the
e-graph machinery helps to automate the resulting subgoals.

Thesis supervisor: Adam Chlipala
Title: Arthur J. Conner (1888) Professor of Computer Science

1Pyrosomes are tiny colonial organisms that connect to each other to form tube-shaped colonies up to 60
feet in length. In my framework, compilers are similarly made up of many small, independent components.
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Chapter 1

Introduction

Compiler verification is a laborious process compared to unverified implementation. Neverthe-
less, numerous researchers have taken on the challenge [2–4] due to the significant benefits of
formal verification [5]. Compilers are one of the most critical classes of programs to which we
can apply formal verification due to their presence in almost every software pipeline. To verify
a full software system requires verifying any compilers involved [6], and even in unverified
software stacks, the volume of code that depends on a given compiler often warrants the
work of providing strong guarantees.

When talking about compiler verification, the most important concern is what we are
verifying. This thesis focuses on functional correctness, which can be described with phrases
like “the source and target programs do the same thing” or “the compiler preserves the
behavior of programs”, dating back to at least McCarthy and Painter [7], who proved
equivalent outcomes between source programs in an arithmetic expression language and their
corresponding outputs in an assembly language.

Despite the broad commonality, there are almost as many specific formulations of functional
correctness as there are verified compilers. As programming languages practice evolved to
define languages more operationally than denotationally, notions of equivalent outcomes had
to mediate between source and target values, often through a compiler-specifc cross-language
value relation. Compiler specifications still often lean on transition system representations,
which provide a simple and cohesive model of program behavior that is easy to compare
across languages, but only applies to whole programs.

Examining the current state of compiler verification, existing efforts suffer from one or
more limitations, with the end result that a few common requirements of software systems
cannot be satisfied by current techniques. To begin with, existing projects’ internal mechanics
are typically closely tied to their chosen source languages and often to their implementations.
As a result, augmenting their results to support more permissive linking and extensibility
quickly grows difficult [8,9]. While recent work has made advances in high-to-low-level and
multilanguage linking [10,11], it typically does so by lowering all reasoning to a common
target semantics rather than by connecting source-level reasoning directly.

In general, much of the compilation literature revolves around establishing single, all-
encompassing models that form key dependencies of all steps of the verification process. This
pattern drives the aforementioned limitations since correct compilers tend to be bespoke
artifacts that revolve around their central models. For example, Perconti and Ahmed [12]
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proved a correctness result that supported linking with arbitrary target programs, but
their multilanguage approach builds all languages in the compiler into the statement of
the correctness theorem, making it difficult to extend with new features. This limitation
is also the root cause of another key factor in the slow adoption of verified compilation.
Most major programming languages are living projects with routinely evolving specifications.
State-of-the-art verification efforts view source-language specifications as single, monolithic
entities. As a result, the kind of incremental improvements one might expect to see in an
actively evolving language pose a serious threat to attempts at formal verification. While
many such changes might be handled by effective automation and proof engineering, the
cross-cutting nature of specification changes makes it difficult to estimate the cost of updating
the verification since there is no hard upper bound on the necessary revisions.

My thesis. In this work, I set out to demonstrate a methodology for reasoning about
programs and compilers in a way that is preserved by extension. My contributions cover the
general design principles that enable extensible languages and compilers, a concrete framework
that puts these principles to use, and substantial verified automation to automatically reason
in these contexts.1

The idea that underpins my contributions is that extensibility is a property of positive
definitions. Specifications defined by what they allow rather than what they forbid admit
extension far more smoothly. Furthermore, in the second half of this thesis, I show that
such specifications are amenable to automated reasoning, which I credit to the constructive
nature of positive definitions. Concretely, I implement and verify the soundness of a fixpoint
reasoning system combining equality reasoning with relational rules, in the style of Zhang
et al. [13]. This latter contribution successfully automates much of the reasoning necessary
for verifying compilers in my extensible setting. Additionally, it demonstrates how to verify
such automation and use those theorems to justify its applications. In combination, I aim
to present a comprehensive characterization of the practice of extensible verification from
language and compiler definitions through metatheory and automation.

1.1 Language Extension and Metatheory
The cornerstone of this thesis is a foundational study demonstrating language-agnostic
metatheory and techniques that combine to enable fully extensible compiler verification,
with a case study at the core-calculus level.2 While I hope one day to expand my software
artifact’s scope to cover the full feature set required to implement a practically usable
compiler, my present aim is to lay out the definitions, metatheorems, and proof structures
that support translation extensibility in the abstract and demonstrate their behavior on a
small research calculus. I focus on cross-language translation passes in particular because,
while intralanguage optimizations often make up the bulk of practical compilers, from a
specification standpoint, a generic theory of cross-language properties is the greater challenge.

1The repository containing the corresponding code can be found at https://github.com/DIJamner/
pyrosome, or https://zenodo.org/records/23340153 for a stable snapshot at the time of writing.

2This work originally appeared in Jamner et al. [14].

14

https://github.com/DIJamner/pyrosome
https://github.com/DIJamner/pyrosome
https://zenodo.org/records/23340153


The particular combination of design decisions embodied in Pyrosome includes among
other contributions: choosing an answer to the question of what constitutes a programming
language; demarcating a well-behaved formulation of translation passes; and choosing how
to formulate compiler correctness, including eschewing contextual equivalence. These three
decisions come together to enable strong metatheoretical principles that support my desired
notion of extensibility. I represent programming languages as Generalized Algebraic Theories
(GATs) [15,16], which define program semantics via lists of judgments that generate well-
formedness predicates and minimal equational theories.3 The translations I primarily consider
are type- and equivalence-preserving maps (GAT morphisms) that are defined pointwise over
the constructs of the source language and so are amenable to extension.

Upon this foundation, I develop metatheory, methods, and mechanized tooling for building
and combining language extensions and compilers in the setting of GATs. My framework
includes an inductive characterization of well-formedness for cross-language translations
encoded in Pyrosome, which I prove implies both type and equivalence preservation. I also
characterize extensions of these specifications and compilers and prove theorems enabling
separate reasoning about and combination of such extensions. To demonstrate the key features
of Pyrosome, I build a multipass compiler for System F with recursive functions, existential
types, and a global heap that transforms it into CPS and then performs closure conversion,
by starting from a compiler for the simply typed lambda calculus (STLC) and successively
adding features via my extension theorems. I also implement a generic partial-evaluation
pass to support the viability of optimizations in this context and present additional compilers
from an imperative calculus to the simply typed target and from the linear lambda calculus
to a corresponding linear CPS calculus.

1.2 Verified E-Graphs for Automated Proof
The second half of this thesis concerns automating compiler correctness proofs in the first
place. E-graphs, data structures first described in 1980 [18] that serve as a core component of
many SMT solvers, have gained popularity in recent years as a tool for performing numerous
types of program reasoning and transformations [13,19–22]. Such systems typically take
the equality-saturation (EqSat) approach, starting with one or more seed terms and eagerly
discovering related terms via rewrite rules. The significant body of work based on their use
demonstrates their utility in automating complex reasoning problems.

Given this utility, it is unsurprising that there have been attempts to integrate e-graphs into
interactive-theorem-proving pipelines, where current automation is often made up of ad-hoc
tactic scripts or solvers specialized to specific domains like linear arithmetic or propositional
logic. However, as with most attempts to bring automated techniques to interactive provers,
the most difficult challenge lies in convincing the trusted kernel that the results of EqSat hold.
As existing e-graph implementations are written externally to the theorem prover, it can
be quite difficult to make them generate the detailed proofs checked by the likes of Rocq or
Lean. Prior work attempted to bridge the gap by instead generating tactic scripts based on
the e-graph’s deductions, relying on the slack and additional inference present in the tactics’
implementations to make up the difference as often as possible [23,24]. Unfortunately, such

3As opposed to contextual equivalence, which is a maximal equational theory [17]
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approaches can be brittle [25]. Recently, the Lean community has produced the grind tactic
[22] based on e-graphs, which has proven much more successful at generating proofs directly.
Grind is implemented as a metaprogram in Lean itself, as is common in the Lean community.
Lean does not implement two-level type theory [26,27] or similar meta-level reasoning, so
this metaprogram cannot be verified and must dedicate significant complexity to generating
proof terms.

Instead of generating proofs, I implement and verify the soundness of my e-graphs in
Rocq. While grind has been successful, I find it valuable to explore what tradeoffs exist in
verified automation. Both my implementation and soundness theorem are fully modular and
extensible in the sense that they are parameterized by the languages they operate over and
the rewrites they apply. As a result, goals in any user-specified domain can be solved by
simply invoking the soundness theorem for EqSat and then running the resulting computation
in Rocq. My implementation is based on the algorithm laid out by Zhang et al. [13], who
implement EqSat on top of an extended Datalog-like language. While I do not expect my
implementation to compare to their performance due to the limitations of Rocq and pure
functional code in general, I took care to implement performant code and the key algorithmic
optimizations to the extent possible. As a result, my library is sufficiently performant for
significant use on typical Rocq goals. In addition, my correctness theorem serves as the first
mechanized proof of the soundness of an (asymptotically) performant equality-saturation
algorithm, as well as of any (asymptotically) performant bottom-up Datalog engine.

I demonstrate my implementation’s capabilities through its application on my suite of
compiler case studies, where they automate the vast majority of goals. This process even
resulted in the first compiler fully automatically verified using language-agnostic procedures:
the simply typed core of my primary case study, a two-pass compiler for STLC with recursive
functions, let-bindings, and mutable references that transforms it into continuation-passing
style and then performs closure conversion.

This portion of my thesis consists of the first formally verified e-graph engine, which
can then be used as the heart of automation tactics in Rocq. It includes a reformulation
of published e-graph algorithms for total, purely functional languages, as underlie theorem
provers like Rocq. I combine these results with Pyrosome to produce the first expressive
compiler-verification approach that achieves full automation on nontrivial translation passes,
not even requiring guiding the prover toward a theorem with hints like sequences of lemmas
in ACL2, evaluated on a case study inspired by “From System F to Typed Assembly
Language” [28].
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Chapter 2

Background

2.0.1 Generalized Algebraic Theories

Generalized Algebraic Theories (GATs) [15,16] lie at the core of Pyrosome’s metatheory.
GATs are dependently typed algebraic theories, originally developed to capture dependent
type theories. Like simple algebraic theories, a GAT consists of a list of judgment rules
introducing function symbols and equations. However, unlike simple theories, in a GAT, each
rule can depend not only on the prior function symbols but also on the prior equations to
justify its well-formedness, as we will see later. While recent work has used intrinsically typed
structures [16], in Pyrosome, I define all data (terms, sorts, rules, and languages) as simply
typed ASTs and encode this dependent structure in separate well-formedness predicates over
these constructs as Cartmell [15] did, in order to keep my computation simply typed at the
Coq level.

I will use a brief example to explain the different forms of rules that make up a GAT.
Figure 2.1 defines a GAT for natural numbers with addition. The first rule declares that nat
is a sort of our nascent example theory. This theory only uses one simple sort, so it could be
expressed as an untyped algebraic theory, but I will expand it shortly. The next three rules
declare 0, S, and + as 0-, 1-, and 2-argument terms of sort nat respectively and specify the
sorts of each’s arguments above the line. The last two rules define the behavior of addition
via equations on the symbols of the theory. Equality between terms in a GAT is given by
the reflexive, symmetric, transitive, congruence closure of the equations included in the GAT
definition.

Next I will demonstrate a GAT that makes use of dependent typing by adding more rules

nat sort 0 : nat
n : nat
Sn : nat

m : nat n : nat
m+ n : nat

n : nat
0 + n = n : nat

m : nat n : nat
Sm+ n = S(m+ n) : nat

Figure 2.1: GAT for natural numbers
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n : nat
vec n sort nil : vec 0

m : nat n : nat v : vec n

m :: v : vec Sn

m : nat v : vec m n : nat v′ : vec n

app v v′ : vec (m+ n)

n : nat v : vec n

app nil v = v : vec n

i : nat m : nat v : vec m n : nat v′ : vec n

app (i :: v) v′ = i :: (app v v′) : vec (Sm+ n)

Figure 2.2: GAT for vectors

to this theory to develop a datatype of known-length vectors (of nats for simplicity). As
shown in Figure 2.2, I start with adding a second sort to our theory, the dependent sort of
n-length vectors. Among the subsequently defined vector term formers, nil, n :: v, and app,
each specifies its length as a component of its sort. Finally, I bestow app with computational
behavior via equations that specify its action on nil and n :: v on the left. This last rule, the
reduction for app (i :: v) v′, demonstrates what I mentioned earlier about rules depending
on prior equations: If we calculate the natural type for the left-hand side of the equation,
we get vec (Sm+ n) as per the annotation. However, if we do the same for the right-hand
side, we get vec S(m+ n) instead. The reason we can still use this term at my desired type
is by invoking the defining equation of addition from Figure 2.1, which the GAT allows
implicitly. Without the equations for addition earlier in the language, this rule would be
ill-formed. While my simply typed case studies do not use this expressive strength, it is
critical to supporting my polymorphic extension.

2.0.2 E-Graphs, Egg, and Egglog

Much of the architecture of my system comes from Zhang et al. [13], so I present e-graphs
from an egglog perspective. For readers more familiar with Datalog, my system can also
be seen as an implementation of an extended Datalog featuring functional dependencies, an
efficient equality relation with implicit congruence rules, multiconclusion rules, and existential
variables. To connect to the first half of my thesis, I define my top-level rules and specifications
in Pyrosome, compiling the high-level rules to this extended Datalog.

E-Graphs as Databases

Although for most of their existence, e-graphs were not presented this way [18,21], recent
work has shown that implementing an e-graph as a database has significant advantages for
both the queries necessary to implement rewrites and the overall flexibility of the system
[1,13]. Fundamentally, an e-graph represents a set of terms and equivalences between them.
True to the “graph” portion of its name, it represents terms as a set of vertices where each
vertex has an identifier and represents one AST node via a function symbol and a list of child
identifiers.
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Following egglog, I package this data together into atoms f(x⃗)→ y with function symbol
f , argument identifiers x⃗, and node identifier y to represent the output of the atom. The
key observation of Zhang et al. [1,13] is that the atoms can be organized tabularly, where
each function symbol of arity n corresponds to a table of (n+ 1)-tuples (x⃗, y) where y has
a functional dependency on x⃗, so if f(x⃗)→ y and f(x⃗)→ y′ are both atoms in an e-graph,
then y = y′. This structure allows us to draw on the databases literature to query the e-graph
efficiently when applying rewrites [1].

E-graphs represent equivalences between terms with a union-find data structure over
their identifiers. This convention ensures that each equivalence class has a single canonical
identifier, so two identifiers can be compared by canonicalizing them, that is to say computing
their unique representatives and then comparing those for simple equality. The union-find
critically interacts with functional dependency. When an atom f(x⃗) → y′ is added to an
e-graph containing f(x⃗)→ y where y ≠ y′, the two values must be reconciled. The e-graph
does so by merging them in the union-find. Intuitively, this merge represents the process
of discovering new facts. Given the preexisting fact f(x⃗)→ y, when the e-graph discovers
f(x⃗)→ y′, it learns that really y and y′ must have represented the same domain object the
whole time.

Congruence Closure and Rebuilding

One of the distinguishing features of e-graphs from their inception was their propagation
of equivalence via congruence. To perform this operation efficiently, an e-graph typically
contains a mapping from each identifier to a set of its parent atoms. When two identifiers
are merged, their parents are recanonicalized. Should any newly canonicalized parent overlap
with an existing atom, their output identifiers must be merged. Traditionally, these invariants
were reconstructed after every rule application, but Willsey et al. [21] observed that this
potentially expensive rebuilding process could safely be postponed until the end of a batch of
rules, amortizing the cost. They do so by maintaining a worklist of new unions as rules are
applied and processing the elements of that worklist afterward [1,13,21].

Semi-Naïve Evaluation

With rebuilding amortized, querying the e-graph becomes the most critical part of EqSat
with respect to performance. A significant portion of query performance is proportional to
the number of satisfying results, so optimizations that reduce the size of the set of matches
return great dividends. In a naïve saturation loop, every known fact gets rediscovered on each
subsequent iteration, polluting the output set with redundant tuples. Semi-naïve evaluation
avoids this problem by keeping tables of all new facts, that is tuples that have been updated
since the last query, and only applies a rule if at least one of its clauses matches a new fact.
This optimization produces the same end behavior as naïve evaluation but with much less
wasted computation.

Rule Translation

Datalog-style engines like egglog and this work operate on logic programs that are unaware
of the higher-level term representations. Although my primary interface expects Pyrosome’s
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Compile(p) = Q(root, v1, ..., vk)← atoms
where v1...vk are variables in p
and Aux(p) = root ∼ atoms

Aux(f(p1, ..., pk)) = v ∼ Rf (v, v1, ..., vk), A1, ..., Ak

where v is fresh and Aux(pi) = vi ∼ Ai

Aux(x) = x ∼ ∅ where x is a pattern variable

Figure 2.3: Term translation from Zhang et al. [1] Figure 8

term-based inference rules, internally my system processes rules in a Datalog-like IR. To
mediate between the term and atom representations, Zhang et al. [1] defined a simple
transformation from patterns to conjunctive queries, which I reproduce in Figure 2.3. This
transformation works recursively on a pattern by generating a fresh variable at each syntactic
form to represent the output of that atom and returning these fresh variables upward to form
the arguments of their parent atoms. While my rule-compilation pipeline is more complex, it
operates on the same principles.

2.1 Related Work

2.1.1 Alternative Generic Frameworks

The principal benefit of GATs [15] over most generic frameworks for programming-language
metatheory [29–31] is their presentation via equational theories rather than operational
semantics. Felleisen [29] gives meaning to programs by an arbitrary termination predicate
and a contextual-equivalence relation defined in terms of that predicate. As discussed in
subsection 3.2.1, contextual equivalence is too strong for extensible reasoning. I, by design,
choose not to include every reasonable equation in a given language, since equations that may
be reasonable to include, say, in a pure language interact poorly with effectful extensions. By
using the smallest equational theories wherever possible, that is only including the equations
at each level that application and compiler reasoning demand, users of Pyrosome increase
the compatibility and extensibility of their developments.

Prior work on modular metatheory and language extensibility mechanized a system
in Rocq that covered components like language interpreters, including modular soundness
properties [30,31], in the style of Swierstra [32]. Allais et al. [33] also built a framework for
reasoning about binding, renaming, and translation that bears some similarities to this work.
There exist many other formal frameworks in the same general spirit, including a long line
of work on logical frameworks [34], that are quite useful in broad domains but assume a
particular structure for variable binding. However, these projects incorporate object-language
binding and substitution into their frameworks, rather than implementing them as a first-class
feature. While built-in binding is attractive for ease of use since it lifts substitution into
the metatheory, it restricts the generality of the framework in ways that I wish to avoid in
Pyrosome.

The K Framework [35] contains an extensive ecosystem of generic language-specification
tooling, and their logic is powerful enough to express a variety of binders internally [36]. The
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project has also recently expanded to cover certified proofs of the behavior of individual
programs [37]. However, they do not address the higher-order concerns of verified compilation
and compiler extensibility that I cover in this work.

The recent GATlab project [38] is based on a very similar system of GATs and GAT
morphisms, implemented as an embedded domain-specific language in Julia for the purpose
of algebraic modelling in scientific and engineering applications. GATlab offers a number of
methods of interaction designed to facilitate exploration in applied category theory, which
would likely be useful additions to Pyrosome for the purposes of GAT development. However,
as it is not a theorem prover, it does not attempt to prove facts, internally or metatheoretically,
as I do.

2.1.2 Multilanguage Semantics

Existing literature documents some of the uses of multilanguage semantics, including in
compiler verification [12,39,40]. However, rather than use a formal framework to describe the
way these works combine languages, the authors design ad-hoc multilanguages for their specific
use cases. As a result, they cannot exploit the generic properties of language extension that I
take advantage of. Furthermore, since they use contextual equivalence in their multilanguages
in their specifications of compiler correctness [12], they cannot extend their compilers with
new supported features or additional passes. Related work takes steps towards generalizing
the key elements of this line of research so as to better support modular reasoning and
extensibility [41] by expressing compiler cases as operational rules, but it is still limited by
its use of contextual equivalence. While contextual equivalence results do provide certain
guarantees with regard to security that I do not consider, I believe that a more compositional
paradigm is necessary to reduce the burden of multilanguage reasoning.

Recent work on multilanguage semantics enables complex cross-language interoperation
by directly defining the semantics of the source languages in terms of a target-language
logical relation [11]. This technique enables a rich variety of FFI designs and multilanguage
interoperation. However, since the source languages do not have their own semantics, it gives
up source-level reasoning, which reduces the benefit of writing higher-level code, especially
in verified settings. This approach uses a relation that generalizes the compiler as the
specification of source-language behavior, so it does not adapt well to my primary concern of
compiler correctness. In contrast, I define a source-level equational theory, which allows me
to separate the specification of each feature’s behavior from the compiler’s implementation,
verify that the former describes the latter, and thereafter reason only at the source level.

2.1.3 Existing Verified Compilers

Since Pyrosome currently is a foundational study rather than a production tool, I cannot
compare it directly to the tooling built up for more mature projects like CakeML [4] and
CompCert [2,10]. However, I can discuss what improvements or extensions to my theoretical
results might be necessary before compilers with similar feature sets can be implemented
in Pyrosome. One major hurdle is developing my story for optimization as discussed in
section 3.4. While prior work shows that real optimizations can be verified against equational
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theories, it remains to explore the design space properly regarding how best to make them
extensible.

The other significant gap between what I theoretically support and existing verified-
compiler ecosystems is my lack of refinement relations since GATs by definition define
language semantics in terms of equality. There are a number of ways to encode refinement
or nondeterministic computation, ranging from defining the relation internally in the object
language to viewing nondeterministic operations as computing sets of results. However,
the most straightforward approach to incorporating refinement would be to generalize the
framework itself. None of the core metatheory in Pyrosome depends on symmetry, so it
should be possible to remove it as an axiom and explore the expanded space of theories.
I would also need to consider how to handle translating programs from Turing-complete
languages like System F to finite state machines like assembly languages, possibly by using
refinement and an approach like Beck et al. [42]. CompCert also features graph-shaped IRs,
which I have yet to investigate.

2.1.4 DimSum

The recent DimSum framework [43] gives a convincing accounting of language-agnostic
compiler verification and cross-language linking for low-level, event-based systems. However,
I see Pyrosome and DimSum as complementary. DimSum’s design addresses cross-language
library interaction at preexisting language interfaces, primarily procedure calls in their
examples. However, it does not provide machinery for extending the languages themselves,
especially with new features that do not fit the preexisting event type. Such reasoning might
be possible via some clever design pattern that expresses each language feature as an event,
but this approach is clearly not an idiomatic or intended way to use their system.

Unlike DimSum, Pyrosome’s syntactic approach based on equational theories allows me
to extend a language’s syntax and semantics at a fine-grained level. In addition to deriving
results about the interactions of programs across languages, I enable users of Pyrosome to
reason about programs, languages, and compilers in a way that is preserved by language
extension as well. My syntactic core also supports both programmatic manipulation of
language definitions and my extensive automation of proof goals.

In reference to prior work on multilanguage semantics [12,39,40], Sammler et al. [43]
conclude that “syntactic multi-languages scale well to typed, higher-order languages. In [the
DimSum] paper, we have put the focus on different kinds of languages: untyped, low-level
languages comparable to C and assembly.” I largely agree with this analysis. As I discuss
above in 2.1.2 and as the DimSum authors concur, prior work on constructing multilanguages
suffered from difficulties with the ad-hoc nature of multilanguage construction and the
limitations of contextual equivalence. Since I have addressed both of these concerns in
Pyrosome, I see the methodology of Pyrosome as the preferred approach in typed and/or
higher-order settings. In particular, while Pyrosome allows linking and compiler-correctness
results to depend on the guarantees of the involved languages’ type systems, it is unclear how
to express such properties in DimSum without a fundamental extension of their framework.
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Chapter 3

The Pyrosome Framework

As described in subsection 2.0.1, Pyrosome builds on Generalized Algebraic Theories (GATs)
[15,16] to define a metatheory of programming-language extension. I chose GATs for this
purpose both because they are extremely general and because it allows my case studies to
match the structure of typical pen-and-paper metatheory closely, except for the necessary
wrinkle of a more precise accounting of variables and binding. In this chapter, I will use
my primary case study, a two-pass compiler that performs a continuation-passing-style
transformation followed by closure conversion on System F with references, to explain the
features of Pyrosome piece by piece.

3.1 Simply Typed Lambda Calculus
I begin my case studies with the simply typed lambda calculus. Some frameworks bake in
a notion of object-language variables and substitutions [33,44,45] so that user languages
automatically inherit the behavior of binders, which makes defining the simply typed lambda
calculus (STLC) a quick task. While this convention is suitable for an important class of
theories, many languages, for example linear languages or those with dynamic scope, do
not fit within these models. The expressiveness of GATs allows me to define not just the
expressions but also the types, contexts, and judgment forms of a programming language as
terms and sorts in a GAT, so the object languages are free to define their own notions of
substitution. On the other hand, since such constructs exist internally to the theories, GATs
do not come equipped with a primitive notion of binding. Thus, as the cost of this freedom,
to define STLC I must first define a call-by-value substitution calculus. However, once I have
done so, I can reuse it as the basis for many languages.

I base the substitution calculus off of Dybjer [46] but modify it to represent call-by-value
substitutions, with a subset of the rules shown in Figure 3.1. The first five rules declare
sorts for object-language contexts, types, values, expressions, and substitutions. I elide
metavariable sorts of the forms Γ : ctx and A : ty in Figure 3.1 when they can be inferred
from the sorts of the other metavariables, although formally every metavariable in a rule has
a specified sort. The syntactic form ret v injects values into the sort of expressions. Its name
is inspired by fine-grained call-by-value calculi [47], although my example remains standard
call-by-value. I define an operation to append a type to a context and write de Bruijn index
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ctx sort ty sort

Γ : ctx A : ty
val(Γ, A) sort

Γ : ctx A : ty
exp(Γ, A) sort

Γ : ctx ∆ : ctx
sub(Γ,∆) sort

v : val(Γ, A)
ret v : exp(Γ, A)

Γ : ctx A : ty
Γ, A : ctx

Γ : ctx A : ty
0 : val((Γ, A), A)

e : exp(Γ, A) γ : sub(∆,Γ)

e[γ] : exp(∆, A)

v : val(Γ, A) γ : sub(∆,Γ)

v[γ]v : val(∆, A)

γ : sub(∆,Γ) v : val(∆, A)

⟨γ, v⟩ : sub(∆, (Γ, A))

v : val(Γ, A) γ : sub(∆,Γ)

(ret v)[γ] = ret v[γ]v : exp(∆, A)

γ : sub(∆,Γ) v : val(∆, A)

0[⟨γ, v⟩]v = v : val(∆, A)

Figure 3.1: CBV substitution calculus (selected rules)

0 to represent the variable at the head of a context. I also add syntactic forms for explicit
substitutions [48] on expressions and values and a substitution ⟨γ, v⟩ that appends a value to
the head of a substitution. I include two representative equations in Figure 3.1. The first
defines the behavior of expression substitution on ret v: it pushes under the syntactic form to
apply a value substitution to the subterm. The second equation defines part of the behavior
of substitutions on de Bruijn indices, specifically the property that index 0 projects the head
value out of any substitution applied to it. Other rules of the calculus handle features like
weakening and substitution composition.

I can define STLC as an extension of this calculus by adding a few more rules, just like the
vector GAT built on the naturals. Since I will be working on extensions of the substitution
calculus for most of my examples, I will adopt a few fairly standard notations: I write A : ty
as ⊢ A, e : exp(Γ, A) as Γ ⊢ e : A, v : val(Γ, A) as Γ ⊢v v : A, and γ : sub(∆,Γ) as γ : ∆⇒ Γ.
As before, I elide type and context sorts when they can be inferred. Additionally, I will
write subsequent rules as if they were based on a named, rather than de Bruijn-indexed,
substitution calculus for readability. With that preamble, the base rules of STLC are shown
in Figure 3.2. I add three new terms to the syntax: the function type A→ B, application
expressions e e′, and function values λ(x : A). e. The subsequent equations define β-reduction
and substitution on applications and functions. I can (and usually should) also include an
η-expansion equation. However, the benefit of extensibility is that I treat that variation as
just another extension of this base calculus. It is up to the user whether they intend to
support η laws, and they can be included or omitted as needed.

3.1.1 Substitution-Equation Generation

While substitution equations like those for applications and functions are numerous, they
follow a prescribed form. One benefit of using a deeply embedded representation of GATs is
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⊢ A ⊢ B

⊢ A→ B

Γ ⊢ e : A→ B Γ ⊢ e′ : A

Γ ⊢ e e′ : B

Γ, x : A ⊢ e : B

Γ ⊢v λ(x : A). e : A→ B

Γ, x : A ⊢ e : B Γ ⊢v v : A

Γ ⊢ (ret λ(x : A). e) (ret v) = e[v/x] : B

Γ ⊢ e : A→ B Γ ⊢ e′ : A γ : ∆⇒ Γ

∆ ⊢ (e e′)[γ] = e[γ] e′[γ] : B

Γ, x : A ⊢ e : B γ : ∆⇒ Γ

∆ ⊢v (λ(x : A). e)[γ] = λ(x : A). e[γ, x/x] : A→ B

Figure 3.2: STLC

that I can do language metaprogramming in Gallina (Rocq’s dependently typed metalanguage),
which I use to generate such equations automatically rather than write them by hand. In doing
so, I follow a substantial body of research. For example, the Autosubst line of work used first
Ltac and then an external code generator to generate substitution functions for user-defined
inductive datatypes [49,50]. I handle the related situation in my Pyrosome case studies by
programmatically generating equations that define the behavior of the explicit-substitution
syntax from language syntax rules. For example, the final two equations in Figure 3.2 are
actually autogenerated by this procedure, not handwritten. While the resulting rules form
part of the compiler’s trusted specification, they can be audited straightforwardly. I apply
this machinery to all extensions of the substitution calculus and additionally port it to the
corresponding constructs in the linear substitution calculus used in section 3.7.

3.2 Language Extensions
In subsection 2.0.1 and section 3.1, I informally described the vector GAT as an extension of
the naturals GAT and STLC as an extension of substitution by means of adding rules to the
base GAT. Fortunately, a formal accounting is intuitive: Since GATs are determined by lists
of rules, I can express the addition of an extension as the concatenation of the new rules onto
the old ones. The key benefit of GATs for my purposes is that all the well-formedness and
equivalence judgments of a GAT are preserved by language extension. I formalize this family
of properties in Theorem 3.1, where L ⊆ L′ denotes the unordered inclusion of all rules of L
in L′. Here and in subsequent metatheory, I write C ⊢L Q to mean “Q is derivable from C in
language L,” where C is a dependent list of metavariable sort declarations.

Theorem 3.1 (Monotonicity under language extension). Let L and L′ be languages such
that L ⊆ L′.

• If C ⊢L s sort , then C ⊢L′ s sort

• If C ⊢L t : s, then C ⊢L′ t : s

• If C ⊢L t1 = t2 : s, then C ⊢L′ t1 = t2 : s

25



Proof. By mutual induction on all GAT judgments, noting that the cases that make use
of L only check for inclusion. ∎

It is important to remember that the order of rules matters in determining whether
a language is well-formed because the well-formedness of each rule might depend on the
constructors and equations defined in earlier rules, as we saw with the defining equations for the
vector append operation relying on the equations for addition to justify their well-formedness.
However, while the order of a language determines whether it is well-formed, it does not
affect its semantics, as demonstrated by my use of list inclusion in Theorem 3.1. In general,
a language remains well-formed under any permutation that produces a topological sort of
its dependency graph, so independent extensions can be swapped freely in a judgment via
this family of properties. For example, consider an extension of the substitution calculus that
adds Boolean values true and false as well as the conditional expression if e then e1 else e2.
Both Booleans and STLC are extensions of substitution, but neither extension depends on
the other, so they can be reordered arbitrarily.

3.2.1 Equational Theories, Contextual Equivalence, and Extensibil-
ity

As I have shown, language semantics in Pyrosome are given directly by equational theories
rather than by defining an operational semantics and deriving contextual equivalence from it,
as is often done in the literature on verified and/or secure compilation [51,52]. This choice is
necessary if I want to have Theorem 3.1. Contextual equivalence is the maximal equivalence
that respects an operational semantics [17]; it equates every pair of programs it can while still
respecting reduction. Equational theories on the other hand represent smaller equivalences,
namely the smallest congruent equivalences that respect the chosen rules. In practice, the
axioms of a language in Pyrosome are usually just its reduction rules, possibly with the
inclusion of η laws. Thus, equivalence in Pyrosome relates two programs if and only if their
behavior must be equivalent in every implementation and semantic model of the language.

To demonstrate the difference, I will consider the following simple example program,
which elides ret for convenience of presentation:

callTwice : (bool→ bool)→ bool→ bool
callTwice ≜ λ(f : bool→ bool). λ(x : bool).

(λ(_ : bool). f x) (f false)

When passed f and x, it first calls f on false and then returns f x. In STLC, callTwice
is contextually equivalent to the identity function λ(f : bool → bool). f since STLC is a
pure, terminating language. However, consider how this program behaves once I add the
recursive-function extension in Figure 3.3. This extension adds a new value, fix f(x : A) := e,
that represents a recursive function that may refer to itself as f in its body e. It also
adds a β-reduction rule for interacting with the existing function-application operation
from STLC. With this extension, I can apply callTwice to functions like fix f(x : bool) :=
if x then true else f x, which is the identity function on the input true but diverges on the
input false. Since callTwice always starts by applying f to false, it turns this function from
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Γ, f : A→ B, x : A ⊢ e : B

Γ ⊢v fix f(x : A) := e : A→ B

Γ, f : A→ B, x : A ⊢ e : B Γ ⊢v v : A

Γ ⊢ (ret fix f(x : A) := e) ret v = e[(fix f(x : A) := e)/f, v/x] : B

Figure 3.3: Recursive-function extension

one that terminates on one of two inputs to one that never terminates, so callTwice is no
longer contextually equivalent to the identity function. Since language extension can so
definitively break contextual equivalence, the latter is not a suitable property for Pyrosome
to consider. On the other hand, Theorem 3.1 tells us that any pair of functions that we can
equate in the GAT for STLC will still be equivalent once we add recursion or indeed any
other extension.

3.3 Cross-Language Translation
Now that I have established how languages are defined and extended, I can proceed to their
compilers. I define my translations as finite maps from source-language sort and term names
to target-language sorts and terms, which form strict morphisms between GATs. These
finite maps are then folded over a source term, looking up each constructor, to translate it.
Then, just as I can extend my languages by appending new rules, I can extend my compilers
by appending new mappings. This style formalizes patterns that appear in prior work on
compositional compiler correctness [12,53,54].

This thesis primarily addresses cross-language translations in order to focus on challenges
particular to cross-language statements of correctness that can be circumvented in the
intralanguage case, for example for optimization passes. Specifically, there is a central tension
in the area of compiler correctness between expressiveness and modularity, which extends
to what translations I consider in this work. In order to support both linking and compiler
extension fully, I require compilers to operate on terms with arbitrary free metavariables.
Furthermore, I want compilation to be invariant under substitution of metavariables, i.e.
Jγ(e)K = JγK(JeK), where JeK denotes the compilation of e and γ(e) denotes the metavariable
substitution γ applied to the term e.1

I choose to guarantee that this equation holds syntactically. While I could likely work
through much of Pyrosome’s metatheory using a superficially more flexible semantic equality,
it is my observation that such a change would do little to change the expressiveness of my
compilers. For each term former f of arity n, such a compiler would have to define Jf x1...xnK,
where x1...xn are metavariables. Then even if the compiler were to inspect subterms deeply
when compiling a more complex term Jf e1...enK for subterms e1...en, it would have to
produce a result semantically equivalent to Jf x1...xnK[Je1K/x1, ..., JenK/xn]. Since I expect

1Unlike object-language substitution, metavariable substitutions γ(e) are a Gallina computation on ASTs
rather than another syntactic form.

27



Γ : ctx
cmp(Γ) sort

⊢ A

⊢ ¬A
Γ ⊢v v : ¬A Γ ⊢v v′ : A

Γ ⊢ v v′
Γ, x : A ⊢ e

Γ ⊢v λ(x : A). e : ¬A

Γ, x : A ⊢ e Γ ⊢v v : A

Γ ⊢ (λ(x : A). e) v = e[v/x]

Γ ⊢ v : ¬A
Γ ⊢v (λ(x : A). v x) = v : ¬A

⊢ A ⊢ B

⊢ A×B

Γ ⊢v v : A×B Γ, x : A, y : B ⊢ e

Γ ⊢ let ⟨x, y⟩ := v in e

Γ ⊢v v1 : A Γ ⊢v v2 : B
Γ ⊢v (v1, v2) : A×B

Γ ⊢v v1 : A Γ ⊢v v2 : B Γ, x : A, y : B ⊢ e

Γ ⊢ let ⟨x, y⟩ := (v1, v2) in e = e[v1/x, v2/y]

Jval(Γ, A)K ≜ val(JΓK, JAK)
Jexp(Γ, A)K ≜ cmp(JΓK, k : ¬JAK)

JA→ BK ≜ ¬(JAK× ¬JBK)
Jret vK ≜ k JvK

Jλ(x : A). eK ≜ λ(p : JAK× ¬JBK). let ⟨x, k⟩ := p in JeK
Je e′K ≜ bind x := JeK; bind y := Je′K; x ⟨y, k⟩, where

bind x := e; e′ ≜ e[λ(x : B). e′/k] given Γ, k : ¬B ⊢ e

Figure 3.4: Continuation calculus (selected rules) and CPS translation for STLC

optimization to be handled by intralanguage passes rather than my translations anyway, I
choose the simpler option of taking the above term to be the definition of compilation.

3.3.1 CPS

My case-study compilers closely follow the designs of the first two passes of Morrisett et al.
[28], albeit adapted to start with a simply typed compiler before adding in polymorphism. The
CPS translation targets a calculus of continuations, shown in the top half of Figure 3.4. This
calculus extends the values portion of the base substitution calculus. Since CPS computations
do not return, I replace the expression sort, instead extending the value-substitution calculus
with a computation sort cmp(Γ) that eliminates the return type, writing Γ ⊢ e to indicate a
well-formed computation e : cmp(Γ). I define ¬A as the type of a nonreturning continuation
that accepts input of type A, named to evoke the definition ¬A ≜ A→ ⊥ and the connection
between CPS and double negation. I also include a positive product-types extension in the
CPS target.

With the target out of the way, I can define my first translation. The second half of
Figure 3.4 gives the translation from STLC into my CPS calculus. Formally, I encode this
translation as an association list mapping term and sort formers of STLC to terms and sorts
in the continuation calculus that may have free metavariables corresponding to the context of
the rule associated to the term or sort former. For example, the ret v case above represents
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a pair in the association list containing the symbol ret and the output term k JvK where
the JvK on the right-hand side is a metavariable that will be substituted with the result of
compiling the subterm in the v position when the compiler runs.

To bridge the gap between source-language expression judgments and target-language
computations, I translate expression judgments Γ ⊢ e : A to computation judgments JΓK, k :
¬JAK ⊢ JeK, using the variable k for the continuation. Functions A→ B map to computations
¬(JAK× ¬JBK), each taking as inputs the compiled argument JAK and the continuation ¬JBK.
Since I explicitly represent the injection from values to expressions with the syntax ret v in
the source, the standard CPS translation of values is split in two: the translation for ret v is
responsible for calling the continuation, and the translation for function values (and other
value forms as I add them) handles mediating between source and target values.

The compiler case for function application debuts a useful macro, bind, that I will employ
in most of my CPS-pass extensions as well. I define bind x := e; e′ as the expression
substitution that passes a function from x to e′ as the continuation to e, which satisfies the
monad laws implied by its name in the theory of the continuation calculus. Most importantly,
(bind x := Jret vK; e′) = e′[JvK/x]. Especially when there are multiple binds, as in function
application, I find this notation far more readable than nested, inverted substitutions.

3.3.2 Semantics Preservation

So far I have defined a few languages and a minimal compilation pass, but I have yet to
state or prove theorems. There are many interpretations of compiler correctness in the
literature [9]. The original CompCert [2] work proved whole-program simulation of the source
language by the target language and used that relation to show trace refinement. Simulation
of closed programs is inherently vertically compositional, which allowed CompCert’s proof
of correctness to be divided cleanly by pass. However, modern software relies on linking
code from multiple sources, which a correctness property of this form does not cover [40].
Recent developments in the CompCert ecosystem such as CompCertO [10] support linking,
and Zhang et al. [55] improve the state of affairs by properly encapsulating intermediate
semantics. However, they each describe interaction through a subsuming semantic model
designed with C-like languages in mind. This choice does reflect modern languages, which
often interoperate with each other through a C interface. However, I view the state of FFIs
as the unfortunate result of the current limitations of language specifications and interfaces,
which I believe can be improved via the principles of Pyrosome. To put it another way, I
believe that with proper language and compiler modularity, language interoperation can be
freed of its dependence on shared models like C. Other work on verified compiler correctness
solves the linking problem for programs that share a specific low-level target language [56].
It is not clear how to modify such systems to allow modular addition of new target-language
features or features that extend past the design of the original semantic model.

Pyrosome is designed for proving that compilers are type- and equivalence-preserving with
respect to source and target equational theories, which I express formally in the following
definition:

Definition 3.2 (Semantics Preservation). A function J−K is a semantics-preserving compiler
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from source S to target T if all of the following hold2:

• If C ⊢S s sort then JCK ⊢T JsK sort

• If C ⊢S t : s then JCK ⊢T JtK : JsK

• If C ⊢S t1 = t2 : s then JCK ⊢T Jt1K = Jt2K : JsK

I claim that these properties are the critical ones for notions of compiler correctness.
While cross-language relations are more common in the literature, they typically depend on
language-specific relations between observable values or states, which is less than ideal for
generic metatheory. Furthermore, they can be recovered quickly from semantics preservation
when desired. It turns out that cross-language specifications can readily be reduced to
equivalence preservation and a standard inversion lemma.

For example, consider extending the CPS translation to compile Booleans in the source
to naturals in the target. I add the rules JtrueK = nv 1 and JfalseK = nv 0 where nv injects a
separate sort of natural numbers into the sort of values at type nat. Note that there are two
reasonable cross-language value relations, which I will write as vs ∼ vt, that one might choose
as the specification for a compiler with these rules. Both relations agree that false ∼ nv 0,
but it would be reasonable either to decide true ∼ nv 1 and no other naturals are allowed,
or to add true ∼ nv n where n ≠ 0. For this example, I will arbitrarily choose the first
specification. Such decisions form an inherent, language-specific component of cross-language
compiler specifications and so are unsuitable for, and do not benefit from, inclusion in agnostic
scaffolding like Pyrosome.

For now, assume that the CPS translation is semantics-preserving. The components
necessary to bridge to a cross-language relation are inversion and relatedness of values, precisely
the language-specific parts that do not benefit from an agnostic framework. Additionally,
they only deal with the basic properties of values, so lifting to expressions is entirely handled
by equivalence preservation.

Theorem 3.3 (CPS Cross-Language Correctness). If ⊢ e = ret b : bool in STLC + Bool,
then k : ¬bool ⊢ JeK = k n in CPS + Nat and b ∼ n.

Proof. By equivalence preservation, k : ¬bool ⊢ JeK = Jret bK. By inversion, since b is
closed, I have two cases: ⊢v b = true : bool and ⊢v b = false : bool. In the first case, Jret trueK
evaluates to k (nv 1) and true ∼ nv 1, so I conclude. The second proceeds analogously. ∎

3.3.3 The Preserving Predicate

Now that I have established semantics preservation as my goal, it remains to establish a
standard method for proving it and for doing so extensibly. A significant contribution of this
work is my definition of a predicate over compilers that follows the structure of the source
language and a proof that this predicate implies semantics preservation. To demonstrate why
this predicate is essential to my extensibility results, consider a standard proof of equivalence

2An additional property for preservation of sort equalities is actually included in my artifact, but I do not
include it here since I have yet to make use of sort equations, and so it is entailed by these three.
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preservation for my CPS pass for base STLC. I assume type preservation in this example
for simplicity and walk through the term-equivalence case. Given two STLC expressions
e1 and e2 such that Γ ⊢ e1 = e2 : A, I have to show that JΓK, k : ¬JAK ⊢ Je1K = Je2K in
the continuation calculus. I proceed by induction on the proof of Γ ⊢ e1 = e2 : A, which
requires me to consider reflexivity, transitivity, symmetry, congruence, and β-reduction. The
first three hold either trivially or by the inductive hypothesis. Congruence requires that the
compiler be a homomorphism with respect to substitution, which I have by the structure
of translations in Pyrosome. What remains to prove is the β-reduction case, where I must
prove that the right- and left-hand sides compile to equivalent terms, although I omit the
proof here.

If I examine the structure of this proof sketch, the only case that depends on the rules
of STLC or the definition of the CPS pass is β-reduction. The rest can be proven using
invariants common across all Pyrosome languages and compilers. Since they are independent
of the compiler under consideration, I can prove them generically, so I focus on equations from
the source-language definition like β-reduction. Consider how the proof must be extended
to add a new feature, for example product types. Intuitively, the proof case for β-reduction
should remain the same, and I must add new cases for the first and second projections out of
a pair. Such an extension is logically straightforward, so I would expect it to be reasonable
to formulate mechanically.

However, the structure of my theorem statement, that for all STLC terms, or for all terms
made of product constructs, compilation preserves equivalence, is ill-suited to such extension
since it tells me nothing about terms with a mix of product operations and STLC constructs.
To properly reuse my proof about STLC, I need to encapsulate it in a lemma that can be
extended inside the induction on equivalence proofs.

To describe the proof obligations associated with a given source language and compiler, I
define the inductive predicate Preserving(Lt, cmp, Ls), which takes as input a target language
Lt, compiler cmp, and source language Ls. This predicate has one constructor for each kind
of rule that can be appended to Ls. Each constructor requires that the compiler satisfies
Preserving for the tail of Ls plus the appropriate condition for the head depending on the
kind of rule:

• For a sort constructor, the compiler must map it to a well-formed sort in the target.

• For a term constructor, the compiler must map it to a well-formed term in the target.

• For an equation, the compiler must map the left- and right-hand sides to equivalent
terms in the target.

I present the formal definition of Preserving in Figure 3.5, with the sort cases elided for
space as they mirror the term cases. Ignoring cmp_pre for the moment, the definition closely
matches the prose description. The empty compiler translates the empty language. When
the top rule of a language defines a new term former named n, the compiler must map n
to a term e such that e is well-formed at a sort and context determined by applying the
compiler to the sort and context of the rule. The rest of the compiler and rest of the language
must then satisfy Preserving. In the case of an equality rule, there is no new case of the
compiler. However, there is still a proof obligation: the user must show that the terms on
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Context  (cmp_pre  :  compiler).
Inductive  preserving_compiler_ext  :  compiler  ->  lang  ->  Prop  :=
  |  preserving_compiler_nil  :  preserving_compiler_ext  []  []
  ...
  |  preserving_compiler_term  :  forall  cmp  l  n  c  args  e  t,
      preserving_compiler_ext  cmp  l  ->
      Model.wf_term  (compile_ctx  (cmp  ++  cmp_pre)  c)  e  (compile_sort  (cmp  ++  cmp_pre)  t)  ->
      preserving_compiler_ext  ((n,  term_case  (map  fst  c)  e)  ::  cmp)
                              ((n,  term_rule  c  args  t)  ::  l)
  |  preserving_compiler_term_eq  :  forall  cmp  l  n  c  e1  e2  t,
      preserving_compiler_ext  cmp  l  ->
      Model.eq_term  (compile_ctx  (cmp  ++  cmp_pre)  c)
              (compile_sort  (cmp  ++  cmp_pre)  t)
              (compile  (cmp  ++  cmp_pre)  e1)
              (compile  (cmp  ++  cmp_pre)  e2)  ->
      preserving_compiler_ext  cmp  ((n,  term_eq_rule  c  e1  e2  t)  ::  l).

Figure 3.5: Rocq definition of Preserving (selected cases)

the left and right of the equality, when compiled to the target language, remain equal. One
significant benefit of working with terms with free metavariables is that this obligation is not
quantified at the Rocq level, so proving it just requires a single target-language derivation
about concrete programs.

The formal definition above features an additional parameter cmp_pre because it is actually
a generalization of Preserving from a whole-pass predicate to a pass-extension predicate. Let
cmppre be a compiler from source language Lpre to target Lt, and let Ls be an extension of
Lpre. I will write Preservingcmppre(Lt, cmp, Ls) for the generalized predicate, which states that
cmp is a semantics-preserving compiler extension of cmppre supporting source extension Ls.
I can then define Preserving(Lt, cmp, Ls) as Preserving[](Lt, cmp, Ls), the case where the base
language is empty.

The key to proving this property is that each case of Preserving only relies on earlier cases’
language rules and mappings in the compiler. Since the sorts, terms, and contexts that make
up each rule of a language can only reference constructs from earlier rules (those in the tail of
the list), it is sufficient at each rule to be able to compile only the previous constructors. For
example, when compiling STLC using the CPS compiler, the proof obligation for lambdas
references a prefix of the compiler that does not include application, since the application rule
comes later in the language specification. This ordering is also essential to the modularity
of Preserving since it conversely means that proofs of earlier obligations remain valid as the
compiler is extended.

Theorem 3.4 (Preserving implies semantics preservation). Let Ls and Lt be well-formed
languages, and let cmp be a compiler. If Preserving(Lt, cmp, Ls), then cmp is a semantics-
preserving compiler from Ls to Lt.

For Preserving to be useful, it must give me semantics preservation. I bridge this gap
in Theorem 3.4, which states that the predicate described above implies the universally
quantified semantic properties. The proof of this theorem is by mutual induction over all of
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the judgment forms in Pyrosome, where for each judgment, I must show that it is preserved
by compilation. The term-equivalence case resembles the earlier proof I sketched for the
CPS pass starting from STLC, except that I generalize the β-reduction case to a lemma
about the preservation of each equivalence written in the language description. This lemma
relies on two related principles: weakening and monotonicity. I disallow compilers from
overwriting old cases, so I can safely use weakening lemmas to extend the compilers in the
hypotheses provided by Preserving so that they refer to the whole compiler. To finish lifting
each obligation to cover the whole compiler and source language, I appeal to Theorem 3.1,
which states that all judgments are monotonic under language extension.

Thanks to this theorem, I prove semantic preservation for each translation in Pyrosome
by way of Preserving. My mechanization automatically breaks down the necessary proof
obligations, and the resulting goals are quite amenable to both automation and human
reasoning since they feature no quantification at the Rocq level and can be proven by direct
construction of either well-formedness or equivalence derivations in the target language. In
fact, I am now equipped to prove equivalence preservation for my base CPS pass, which I
will do in Theorem 3.5 and Theorem 3.6, which state respectively that the translation for the
base substitution calculus and the STLC extension satisfy Preserving.

Theorem 3.5 (CPSsubst is Preserving). Let subst be the source substitution calculus, let cpssubst
be the portion of the CPS pass with subst as its domain, and let cont be the continuation
calculus. Then we have Preserving[](cont , cpssubst , subst).

Proof. By the definition of Preserving and construction of cont derivations in all cases. ∎

Theorem 3.6 (CPS is Preserving). Let cpssubst be the portion of the CPS pass with subst as
its domain, let cps be the portion with the STLC extension as its domain, and let cont be the
continuation calculus. Then we have Preservingcpssubst (cont , cps , STLC ).

Proof. By the definition of Preserving and construction of cont derivations in all cases.
I show the β-reduction case here as an example (although all cases are fully automated in
the mechanization). The proof obligation that Preserving generates corresponding to this
rule requires me to show J(ret λ(x : A). e) ret vK = Je[v/x]K in the continuation calculus’
equivalence relation. By evaluating the compiler and rewriting the term via target-language
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rules, I do so as follows3:

J(ret λ(x : A). e) (ret v)K
= bind x := Jret λ(x : A). eK; bind y := Jret vK; x ⟨y, k⟩
= bind x := Jret λ(x : A). eK; (λ(y : JAK). x ⟨y, k⟩) JvK
= bind x := Jret λ(x : A). eK; x ⟨JvK, k⟩
= (λ(x : JA→ BK). x ⟨JvK, k⟩) Jλ(x : A). eK
= Jλ(x : A). eK ⟨JvK, k⟩
= (λ(p : JAK× ¬JBK). let ⟨x, k⟩ := p in JeK) ⟨JvK, k⟩
= let ⟨x, k⟩ := ⟨JvK, k⟩ in JeK
= JeK[JvK/x, k/k]
= JeK[JvK/x]
= Je[v/x]K

∎

I am almost ready to prove semantics preservation from these facts, but first I need one
more generic theorem:

Theorem 3.7 (Preserving Concatenation). Let Ls and Lt be well-formed languages, let L′
s be a

well-formed extension of Ls, and let cmp and cmp′ be compilers such that Preserving(Lt, cmp, Ls)
and Preservingcmp(Lt, cmp′, L′

s). Then Preserving(Lt, cmp′ + cmp, L′
s + Ls).

Proof. By induction on the proof of Preservingcmp(Lt, cmp′, L′
s). ∎

Now I can prove that my CPS pass is semantics-preserving in Theorem 3.8. I will generally
not go through these steps for future case-study components, since composing the Preserving
theorems is entirely mechanical and indeed performed by a tactic in the mechanization.

Theorem 3.8 (CPS is Semantics-Preserving). Let subst be the source substitution calculus,
let cpssubst be the portion of the CPS pass with subst as its domain, let cps be the portion
with the STLC extension as its domain, and let cont be the continuation calculus. Then we
have cps + cpssubst is a semantics-preserving compiler from STLC + subst to cont .

Proof. By Theorem 3.4 it suffices to show Preserving(cont , cps + cpssubst , STLC + subst).
I apply Theorem 3.7 and conclude with Theorem 3.5 and Theorem 3.6. ∎

3.3.4 Closure Conversion and Vertical Composition

For the second pass of my case study, I perform closure conversion, materializing the
environment as a tuple value. In Figure 3.6, I show the closure calculus that replaces my
CPS calculus. To construct environment tuples in a compositional way, I compile CPS
environments to closure-converted types and map CPS judgments Γ ⊢ e and Γ ⊢v v : A to
closure-converted judgments z : JΓK ⊢ JeK and z : JΓK ⊢v JvK : JAK, using the variable z for the
environment. In order to define closure conversion in the simply typed setting, I use a fused

3I skip the details of stepping through the interaction of the bind macro with the compilation of a return
since it involves verbose juggling of continuation substitutions and little else.
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⊢ A

⊢ ¬A
Γ ⊢v v : ¬A Γ ⊢v v′ : A

Γ ⊢ v v′
z : A×B ⊢ e Γ ⊢v v : A

Γ ⊢v clo ⟨(z : A×B).e, v⟩ : ¬B

z : A×B ⊢ e Γ ⊢v v : A Γ ⊢v v′ : B
Γ ⊢ clo ⟨(z : A×B).e, v⟩ v′ = e[⟨v, v′⟩/z]

z : A ⊢v v : ¬B
z : A ⊢v clo ⟨(z : A×B).v[z.1/z] z.2, z⟩ = v : ¬B

J·K ≜ unit
JΓ, x : AK ≜ JΓK× JAK

J¬AK ≜ ¬JAK
Jλ(x : A). eK ≜ clo ⟨(x : JΓK× JAK).JeK, z⟩

Jv v′K ≜ JvK Jv′K

Figure 3.6: Closure conversion (selected rules)

closure form clo ⟨(z : A × B).e, v⟩ that captures the combined behavior of the existential,
pair, and function in the normal translation, in a style closely related to that of Minamide,
Morrisett, and Harper [57]. I define two equations on closures, a β rule and an η rule. The
β rule evaluates the body of the closure, passing in a tuple formed of its argument and its
environment. The η rule states that if we have a closure v with a free variable z, then it is
equivalent to a new closure that stores z as its environment and calls v in its body.

Now that I have two compiler passes, I can sequence them using function composition to
get from the source to the final target. Fortunately, I can do so in one step thanks to my choice
of definitions. I prove semantics preservation for closure conversion on its own analogously
to CPS. Then, by transitivity (Theorem 3.9), since both passes preserve semantics, so does
their composition.

Theorem 3.9 (Transitivity of Semantics Preservation). If f is a semantics-preserving
compiler from L1 to L2 and g is a semantics-preserving compiler from L2 to L3, then g ◦ f is
a semantics-preserving compiler from L1 to L3.

Proof. I show that g ◦ f maps equivalent L1 terms to equivalent L3 terms. The other
conjuncts of semantics preservation proceed analogously. Consider C ⊢ t1 = t2 : s in L1.
By semantics preservation of f , f(C) ⊢ f(t1) = f(t2) : f(s) in L2. Then, by semantics
preservation of g, g(f(C)) ⊢ g(f(t1)) = g(f(t2)) : g(f(s)) in L3, so I conclude. ∎

3.3.5 Recursive-Functions Compiler Extension

I extended STLC with rules for recursive functions in Figure 3.3. To perform CPS translation
on recursive functions, I add an analogous construct for recursive continuations to the
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continuation calculus and translate from the first set of rules to the second:

Γ, f : ¬A, x : A ⊢ e

Γ ⊢v fix f(x : A) := e : ¬A
Γ, f : ¬A, x : A ⊢ e Γ ⊢v v : A

Γ ⊢ (fix f(x : A) := e) v = e[(fix f(x : A) := e)/f, v/x]

Jfix f(x : A) := eK ≜ fix f(z : JAK× ¬JBK) := let ⟨x, k⟩ := z in JeK
Building on the result for the core CPS transformation, I show in Theorem 3.10 that

the compiler for the recursion extension satisfies Preserving. This proof requires fulfilling
three new obligations as per the definition of Preserving: one to show that the compiler is
type-preserving on recursive functions, one to show that reduction of recursive functions is
preserved, and one for the substitution rule for recursive functions, which was autogenerated
as discussed in subsection 3.1.1.

Theorem 3.10 (CPSrec is Preserving). Let rec be the recursive-functions extension to STLC,
let cps be the CPS pass for STLC, let cpsrec be the CPS extension with rec as its domain,
and let cont rec be the continuation calculus extended with recursive continuations. Then we
have Preservingcps(cont rec, cpsrec, rec).

Proof. By the definition of Preserving and construction of cont derivations in all cases. ∎

Similarly to Theorem 3.8, I can show that the combined compiler cpsrec +cps is semantics-
preserving by using Theorem 3.4 and Theorem 3.7. However, I also need one more property.
I can only concatenate compilers that have the same target language, but the codomain of
cps is the continuation calculus before I have added recursive continuations. Fortunately,
Theorem 3.11 states that I can lift any compiler targeting a language Lt to one targeting
a superset language L′

t. Thus, I can lift cps to target cont rec before appending the cpsrec
compiler extension.

Theorem 3.11 (Compiler codomain embedding). If Preserving(Lt, cmp, Ls) and Lt ⊆ L′
t,

then it follows that Preserving(L′
t, cmp, Ls).

Closure conversion for recursive functions requires a bit more care. The interaction
between recursive functions as formulated in my first two calculi and the environment tuple
generated by closure conversion is a bit complex when all of the behavior is fused into a single
construct, so I separate out a fixpoint combinator in my closure-conversion language:

Γ ⊢v v : ¬(¬A× A)

Γ ⊢v fix v : ¬A
Γ ⊢v v : ¬(¬A× A) Γ ⊢v v′ : A

Γ ⊢ (fix v) v′ = v ⟨fix v, v′⟩

Jfix f(x : A) := eK ≜ fix clo ⟨(z : JΓK× ¬(¬A× A)).JeK[⟨⟨z.1, z.2.1⟩, z.2.2⟩/z], z⟩
The translation features some verbose tuple rearrangement, but in essence it splits the
recursive function into the fixpoint combinator and its argument, which is simultaneously
closure-converted. The separation of the two parts means that I can apply closure laws as
normal to reason about the body and cordon off the recursion so that the two concerns do
not interfere with each other. Just like with the prior passes and extensions, the definition
is the greatest difficulty. The three connected proof obligations are solved automatically in
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the mechanization. From there, I can use my connective theorems as before to join up all
relevant components.

Now that I have covered all of the ways compilers can be extended, I include Figure 3.7
as a reference for all of the different ways I have extended my compiler. Solid arrows indicate
translations written and verified by the user, and dashed arrows indicate translations validated
by the theorems of Pyrosome that I have introduced over the course of this section.

3.3.6 How Incorrect Proofs Fail

STLCsubst

cont +

+ rec

contrec

+

CC + CCrec

Figure 3.7: Compiler extension

Pyrosome avoids the failure modes typical
of trying to extend most prior verified com-
pilers, especially those with theorems based
on contextual equivalence, by guaranteeing
unconditional monotonicity of terms’, lan-
guages’, and compilers’ key properties under
language extension. For compiler developers
used to contextual equivalence, this princi-
ple can cause some confusion since they are
understandably curious about what does hap-
pen in situations where they would expect a
new extension to break old equivalences.

Such situations fall into two categories.
The first category covers examples like
callTwice in subsection 3.2.1 where the new
language feature contradicts a property im-
plicitly assumed by contextual equivalence.
Since semantics preservation in Pyrosome only preserves the least congruence over the explic-
itly given rules, I avoid this issue by not promising these implicit properties in the first place.
This behavior matches the intent of language specifications in Pyrosome as representing open
sets of promises rather than exhaustive, closed universes.

The second category covers situations where two explicit equations intuitively conflict.
Consider a call-by-value STLC with evaluation contexts that is set up to evaluate the function
first in an application; that is, it has evaluation contexts E e and v E. Now say I have two
extensions: one that supports mutation and one that adds an additional evaluation context
e E, indicating that evaluation may occur on either the right- or left-hand side first. It
is possible to compile the source language coherently given either one of these extensions.
However, the two of them cannot work together. What goes wrong concretely in Pyrosome is
that the common translation for the core language will validate the equations for at most
one of the extensions. If the compilation for mutation can be proven correct, there will be no
reasonable way to satisfy the demands of the evaluation-context extension and vice versa.
Concretely, the obligation generated by Preserving for the failing one will be unprovable
due to requiring that two unrelated target programs be shown equivalent. There is a single
unreasonable compiler that satisfies semantics preservation by translating all programs to
unit. However, a trivial check that, for example, the compiler distinguishes 0 and 1, or indeed
any cross-language corollary like Theorem 3.3, is adequate to rule out this case.
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3.3.7 Axiomatic Equivalence and Operational Semantics

For a language that already has a canonical operational semantics, I can bridge the gap to
equational theories and still derive correctness theorems in terms of these semantics from
Pyrosome’s semantics-preservation results. Generally, each step in the operational semantics is
validated by a specific axiom in the equational theory, which means that reduction immediately
implies equivalence. As a result, if e→∗ v in the source language, then JeK = JvK in the target
where JeK is the compilation of e. There are then two ways to proceed. To conclude that the
output of a compiler satisfies target-language contextual equivalence, it suffices to show that
each rule of the target language’s equational theory is validated by the contextual equivalence
of its external definition, for example by showing that each equation holds within a logical
relation or an equivalence-reflecting denotation. For a simpler, if weaker, result, it suffices
to prove that as with the source language, each step in the target operational semantics is
validated by an equivalence. I can then use the following theorem to link the two:

Theorem 3.12. Let J−K be a semantics-preserving compiler from S to T . Let →S and →T

be subsets of the equivalence relations for S and T respectively. Let Vs and Vt be predicates
on terms of languages S and T denoting the observable values of those languages such that if
two observable values are equivalent, then they are syntactically equal. Let ∼ relate terms of
language S to terms of language T such that for any observable value vS of S, there exists an
observable value vT of T such that ⊢T JvSK = vT and vS ∼ vT .

Then, if ⊢S e : t, e →∗
S v, and JeK →∗

T v′ where v and v′ are observable values, then
v ∼ v′.

While the statement of Theorem 3.12 is a bit long due to its generality, its assumptions boil
down to requiring one fact each about source and target: that the operational steps are valid
equations, and only one additional fact about the compiler: that the chosen cross-language
relation relates every source value to a value equivalent to its compilation. As discussed in
subsection 3.3.2, this latter property can often be validated by simply running the compiler
on the appropriate inputs.

3.4 Optimization
In my formulation, translation passes are designed for cross-language transformations rather
than optimization. I focus on the cross-language case since it poses the greatest challenges
with respect to formulating specifications, one of the key contributions of this work. The
difference is that optimization passes typically operate within a single language, so they exist
in a much broader design space since source and target code can interact. Specifically, an
optimization pass o can choose to satisfy the specification C ⊢ t = o(t) : s for all terms
C ⊢ t : s, which implies semantics preservation.

Benton [58] showed that core optimizations like dead-code elimination and constant
propagation can be expressed in an equational theory. While he justifies such theories by
proving them sound with respect to a relational semantics, I can skip this step and consider
the theories definitional, especially since intermediate languages, where optimizations typically
occur, will disappear from the statement of end-to-end semantics preservation. More recent
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Γ : ctx ⊢ A

config(Γ, A) sort
H : heap Γ ⊢ e : A

⟨H, e⟩ : config(Γ, A)
Γ ⊢ e : nat

Γ ⊢ get e : nat

Γ ⊢ E : nat⇝ A n : N
⟨H,E[get (ret (nv n))]⟩ = ⟨H,E[H(n)]⟩ : config(Γ, A)

Γ ⊢ e : nat Γ ⊢ e′ : nat
Γ ⊢ set e := e′ : unit

Γ ⊢ E : unit⇝ A n : N m : N
⟨H,E[set (ret (nv n)) := ret (nv m)]⟩ = ⟨H[n ↦→ m], E[⟨⟩]⟩ : config(Γ, A)

Figure 3.8: STLC state extension

work has used both e-graphs and more traditional tree traversals to develop language-generic,
rewrite-based optimizations and analyses including uncurrying, dead-code elimination, and
linear-algebra optimization [13,21,59]. Due to their rewrite-based interfaces, I expect that
such tools can be adapted to my domain of equational theory-based language extensibility.

As an initial proof of concept, I implement a language-agnostic partial-evaluation pass
that shares its implementation with some of my proof automation. The partial evaluator takes
as input the deeply embedded representation of its host language and treats its equations
as directed rewrite rules, internally producing and checking a proof of equivalence between
its input and output. By filtering the input language, I can also restrict the pass to, for
example, only rules that do not duplicate subterms. Thus, it is generic over all Pyrosome
languages, can be freely inserted at any stage of a compilation pipeline, and permits language
extension. While my partial evaluator is fairly naïve, I believe that it shows Pyrosome’s
potential compatibility with more advanced rewrite-based optimizations.

3.5 Global State and Evaluation Contexts
One of my more interesting extensions adds a global mutable heap with set and get expressions,
the rules for which I provide in Figure 3.8. These rules depend on other extensions not shown,
one describing the behavior of global heaps and another that sets up evaluation contexts.
Heaps are finite maps on natural numbers, defined with the appropriate equations. Evaluation
contexts serve as an interesting example of cross-extension interaction. When defining pure
reductions for features like functions and products, evaluation contexts are unnecessary since
Pyrosome provides congruence. However, they are essential for the global-heap rules since
they allow me to describe performing a stateful operation inside some larger program. From
a formal perspective, they let me focus on a subterm of the computation while defining an
equation on the whole configuration so that I can access the heap.

It would be more idiomatic in a GAT to formulate such operations with algebraic effects
[60]. I nonetheless present mutation here using an explicit heap and evaluation contexts,
together with algebraic equations on configurations that define the interactions between
programs and heaps, to demonstrate the breadth of theories that can be encoded as GATs
with reasonable naturality.
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Γ ⊢ [ ] : A⇝ A

Γ ⊢ E : A⇝ B Γ ⊢ e : A

Γ ⊢ E[e] : B

Γ ⊢ e : A

Γ ⊢ [ ][e] = e : A

Γ ⊢ E : A⇝ B → C Γ ⊢ e : B

Γ ⊢ E e : A⇝ C

Γ ⊢v v : B → C Γ ⊢ E : A⇝ B

Γ ⊢ v E : A⇝ C

Γ ⊢ E : A⇝ B → C Γ ⊢ e : B Γ ⊢ e′ : A

Γ ⊢ (E e)[e′] = E[e′] e : C

Γ ⊢v v : B → C Γ ⊢ E : A⇝ B Γ ⊢ e : A

Γ ⊢ (v E)[e] = v E[e] : C
J[ ]K ≜ k xh

JE[e]K ≜ bind x :=; hJeKJEK
JE eK ≜ bind x := JEK; bind y := JeK; x ⟨y, k⟩
Jv EK ≜ bind y := JEK; JvK ⟨y, k⟩

Figure 3.9: Evaluation-context extension with STLC

Figure 3.9 shows the core constructs of my evaluation-context extension on the first
line, as well as the contexts for STLC as an example. Plug, which I write E[e], and the
empty context [ ] form the core extension. I add evaluation contexts for each expression with
evaluable subterms as new pieces of syntax belonging to a sort of evaluation contexts with
judgment form Γ ⊢ E : A⇝ B and define how plug acts on them. I can then use equational
reasoning in my proofs to decompose terms.

As an incidental benefit of my formal, deeply embedded representation of language rules, I
can write a function that generates the full typing rules and equations for evaluation contexts
from short descriptions similar to those that typically appear in a language grammar. In fact,
the four rules mentioning application contexts in Figure 3.9 are generated from the following
description of the evaluation contexts for STLC:

E ::= ... | E e | v E

The mechanization includes a unique identifier for each evaluation context, but I overload the
syntactic form of the associated expression here, as is common. The sorts of the subterms
are determined by their names. I denote evaluation contexts with names starting with E,
expression subterms with e, and value subterms with v. From this description, I generate a
well-formedness rule for each context and the defining equations for the plug operation E[e].

Since my CPS translation uses bind x := e; e′ to sequence computations, I compile
away evaluation contexts in my first pass. The bottom of Figure 3.9 shows the translation
for the core operations as well as for STLC’s evaluation contexts. This translation maps
source-language judgments Γ ⊢ E : A ⇝ B to target judgments Γ, k : ¬B, xh : A ⊢ JEK,
translating evaluation contexts into computations with an extra free variable named xh by
convention. Plug then turns into a bind operation, and holes behave like return operations.
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With evaluation contexts established, the translation for my heap operations is minimal.
I can define the CPS pass for the set and get operations as follows:

Jset e := e′K ≜ bind x := JeK;bind y := Je′K; set x := y in k ⟨⟩
Jget eK ≜ bind x := JeK; get x as y in k y

To match the pattern of the CPS calculus, each heap operation now takes its continuation as
a subterm. This inversion is why I no longer need to worry about evaluating effects inside
of a context. Since this extension does not interact directly with functions, I can reuse the
CPS version with my closure-converted calculus. I still have to do a little more than write an
identity compiler, however, since closure conversion changes the expected judgment form,
which interacts with the binder in get x as v in e:

Jset v := v′ in eK ≜ set JvK := Jv′K in JeK
Jget x as v in eK ≜ get x as JvK in JeK[⟨z, x⟩/z]

3.6 Polymorphism and Advanced Metaprogramming
Unlike other case-study extensions, polymorphism necessitates modifying the rules of my
simply typed extensions to add the type environment. To do so, I develop a generic
parameterization procedure that takes as input the language to be extended and a specification
of which forms to parameterize, adding the appropriate metavariables. This procedure is
language-agnostic and applies to more than just type environments: for example I also use it
to add type information to my base substitution calculus, which allows the type substitutions
and term substitutions to share a common set of underlying definitions. I prove that this
parameterization function is semantics-preserving on sorts, terms, contexts, and languages.
Using these facts, I further show that it preserves the Preserving predicate on compilers,
allowing the output compilers to participate in all of my modular connections as first-class
citizens.

While the high-level idea is simple, formalizing it was complex. The main challenge of
this proof lay in justifying the features that do not need to be parameterized, for example
the sort of natural numbers, and the position of the additional parameter in the context,
when it does not appear as the first component. My parameterization procedure takes such
language-specific information as inputs, so the generic proof of parameterization correctness
must rely on certain properties of these declarations, like the existence of a dependency
ordering such that constructs marked for parameterization cannot be dependencies of ones
I do not parameterize. Fortunately, I reduce them to sound, decidable checks that can
guarantee a valid parameterization without inducing additional proof obligations. The result
is Theorem 3.13.

Theorem 3.13 (Parameterization Preserves Preserving). Let L∆, Ls, and Lt be well-formed
languages. Let s∆ be a well-formed sort in L∆, let ∆ be the metavariable name for the new
parameter, and let specs and spect be parameterization specifications. Let c be a compiler
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∆, X ⊢ A

∆ ⊢ ∀X.A

∆, X ⊢ A

∆ ⊢ ∃X.A

∆;Γ ⊢ e : ∀X.A ∆ ⊢ B

∆;Γ ⊢ e [B] : A[B/X]

∆ ⊢ Γ ∆, X; Γ ⊢ e : A

∆;Γ ⊢v ΛX.e : ∀X.A

∆ ⊢ Γ ∆, X; Γ ⊢ e : A ∆ ⊢ B

∆;Γ ⊢ (ret ΛX.e) [B] = e[B/X]

∆; Γ ⊢v v : ∀X.A

∆;Γ ⊢v ΛX.v [X] = v : ∀X.A

∆;Γ ⊢ e : ∃X.A ∆ ⊢ C ∆, X; Γ, (x : A) ⊢ e′ : C

∆;Γ ⊢ let ⟨X, x⟩ := e in e′ : C

∆ ⊢ B ∆;Γ ⊢ e : A[B/X]

∆; Γ ⊢ ⟨B, e⟩ : ∃X.A

J∀X.AK ≜ ¬∃X.¬JAK
JΛX.eK ≜ λk.let ⟨X, k⟩ := k in JeK
Je [A]K ≜ bind x := JeK; x ⟨JAK, k⟩

J∃X.AK ≜ ∃X.JAK
J⟨A, e⟩K ≜ bind x := JeK; ⟨JAK, x⟩

Jlet ⟨X, x⟩ := e in e′K ≜ bind y := JeK; let ⟨X, x⟩ := y in Je′K
bind x := e; e′ ≜ e[λ(x : B). e′/k] given Γ, k : ¬B ⊢ e

Figure 3.10: Polymorphic calculus extensions (selected rules)

satisfying Preserving(Lt, c, Ls). Then, if all syntactic checks hold on the above components, I
have

PreservingidL∆
(PL(∆, s∆, spect, Lt), Pc(∆, spect, specs, c), PL(∆, s∆, specs, Ls))

where idL∆
is the identity compiler for L∆, PL is the parameterization function for languages,

and Pc is the parameterization function for compilers.

Once I have applied the parameterization procedure, instantiated with the information
specific to the type-environment parameter, to my running case study, I can develop the
type-abstraction and existential-types extensions to validate that the parameterization process
had the intended effect. I display a portion of the rules for the source-language extension,
as well as a selection of CPS-pass cases, in Figure 3.10. In the target, the parameterized
continuation calculus, I choose to add only existentials, as type abstractions can be compiled
to existential continuations via CPS. Specifically, I translate the type ∀X.A to ¬∃X.¬JAK.
The closure-conversion extension for existential types is almost an identity, with the only
deviation being some boilerplate in the elimination form to address closure conversion’s effect
on the environment.

3.7 Linear Lambda Calculus
My primary case study builds entirely on a standard, intuitionistic substitution calculus. To
demonstrate Pyrosome’s expressiveness, I also verify a CPS pass analogous to my simply
typed one from a separate, linear lambda calculus to a similarly linear continuation calculus.
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⊢ A ⊢ B

⊢ A⊸ B

Γ ⊢ e : A⊸ B Γ′ ⊢ e′ : A

Γ,Γ′ ⊢ e e′ : B

Γ, x : A ⊢ e : B

Γ ⊢v λ(x : A). e : A⊸ B

Γ, x : A ⊢ e : B Γ′ ⊢v v : A

Γ,Γ′ ⊢ (ret λ(x : A). e) (ret v) = e[v/x] : B

Γ ⊢ e : A⊸ B ∆ ⊢ e′ : A γ : Γ′ ⇒ Γ δ : ∆′ ⇒ ∆

Γ′,∆′ ⊢ (e e′)[γ, δ] = e[γ] e′[δ] : B

Γ, x : A ⊢ e : B γ : Γ′ ⇒ Γ

Γ′ ⊢v (λ(x : A). e)[γ] = λ(x : A). e[γ, x/x] : A⊸ B

Figure 3.11: Linear Lambda Calculus

The linear substitution calculus is similar to the intuitionistic one, including retaining all
rules in Figure 3.1, but it restricts substitutions and variables to prohibit weakening. I show
the rules for the linear functions extension in Figure 3.11. These rules are similar to those of
STLC, but in any rule with more than one expression or value, the context is broken up into
multiple (disjoint) pieces. This separation continues in the substitution rule for application,
where the left-hand substitution must break into two parts, one for e and one for e′. Just
like with the intuitionistic substitution calculus, I programmatically generate the last two
substitution rules for linear extensions. The CPS pass itself is actually almost identical to
the CPS pass for STLC, with the only difference being the managing of explicit uses of the
exchange rule as the mechanization is de Bruijn indexed.

3.8 IMP
To show that my framework is not restricted to functional languages, I also compile an
imperative calculus similar to the one in Chapter 2 of Winskel [61], the grammar of which is
shown in Figure 3.12, to the same target as my functional code. I reuse the heap definition
from my functional heap extension to model memory, since memory locations without pointer
arithmetic are equivalent to global variable names. Imperative statements translate to
target-language computations that expect a continuation with unit argument, and expressions
translate to computations where the continuation must be passed a natural number. To
support this compiler, I add a conditional to the target language that branches based on
whether the input value is 0. Since the target-language form only accepts values (including
variables) in the condition, the compilation for source-level conditionals first evaluates the
condition and then branches on the result. The compilation for while loops works similarly,
with the added complication of a recursion construct so that it can jump back to the condition
at the end of an iteration.

Note that since this compiler shares a common target with my main case study, I obtain
some guarantees about the interoperation of imperative and functional code. Specifically,

43



a, a′ ::= n | x | a+ a′ | a− a′

s, s′ ::= skip | assign x := a | s; s′ | ifz a then s else s′ | while a {s}
n, x ∈ N

JskipK ≜ k ⟨⟩
Jassign x := aK ≜ bind y := JaK; set JxK := y in k ⟨⟩

Js; s′K ≜ bind _ := JsK; Js′K
Jifz a then s else s′K ≜ bind y := JaK; ifz y then JsK else Js′K

Jwhile a {s}K ≜ fix clo

⟨︄ z : ¬unit× (¬unit× unit).
bind x := JaK;
ifz x then z.1 ⟨⟩ else JsK[z.2.1/k]

, k

⟩︄
⟨⟩

Figure 3.12: IMP (excerpt)

they can be linked, directly or with target-level glue code, so long as the target types line up,
and I can prove that linking a compiled imperative program JSK with a compiled functional
program JfK by either method produces an equivalent program to linking some JS ′K and Jf ′K
the same way if S = S ′ and f = f ′ in their respective source languages.

3.9 Future Work
As-is, compilation theorems proven using Pyrosome include the initial source-language and
final target-language specifications in their trusted base, in addition to Pyrosome’s core
definitions. I hope to bridge the gap between existing formal semantics and ones defined in
Pyrosome so that end users can benefit from the extensibility of engineering done in Pyrosome
without having to trust Pyrosome’s definitions. The most important step in this process
is to develop models of target-language theories implemented by verified low-level systems.
Although I currently only target Pyrosome languages with my case studies, my compilers and
metatheorems support any target model that validates core well-formedness and equivalence
properties. I hope in the future to target established projects like CompCert [2] or Bedrock [6]
so that upper levels of a compiler can use the flexibility of Pyrosome while benefiting from
established codebases beneath. Target models could even be denotational in nature. For
example, work using interaction trees already tends toward algebraic reasoning via corpuses
of equational lemmas [62]. It may be worth investigating interaction trees as a denotation
for Pyrosome languages, since the combination could leverage Pyrosome’s generic tooling to
prove facts about interaction trees.

Additionally, Pyrosome was designed to support a wide range of features at both the term
and type levels. Originally developed for dependent types, the theory behind Pyrosome has
been shown to support a variety of interesting type-level features [15,63] in language definitions.
For example, I have mechanized base Martin-Löf Type Theory as a dependent variant of
my substitution language extended with dependent products and dependent sums, following
the descriptions in prior work [46]. Such extensions rely on my monotonicity and compiler-
extension theorems just like my case study. In the future, it would be interesting to see what
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benefits Pyrosome might bring to the metatheory of dependent types, particularly focusing
on understanding whether language extension can help create more-modular techniques for
proving metatheoretic properties like canonicity and normalization.
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Chapter 4

A Functional Egglog Implementation

This chapter describes my implementation of an egglog-style fixpoint reasoning system in
Rocq. I leave verification to the next chapter as implementing such a system in a functional
language is of independent interest, and more importantly, the work is substantial enough to
warrant a chapter’s worth of discussion.

4.1 An Illustrated Example
Although I said I would defer discussion of verification, I do want to motivate the connection
between Pyrosome and e-graphs. To establish some baseline context, I will work through
an example of how my verified EqSat procedure automates the core reasoning required
to verify a compiler in Pyrosome. Consider the pass JeK that converts a program e from
simply typed lambda calculus to continuation-passing style (CPS). By Pyrosome’s compiler-
correctness theorem, to verify a pass like the CPS pass, it suffices to show that, for each
source-language judgement form, e.g. λ(x : A). e, the output of the compiler is well-typed
in its target language, and for each source-language equational axiom, compiling both sides
preserves the equivalence. Type preservation is typically straightforward to prove when it
holds. Equivalence preservation is the critical component since it requires reasoning in the
equational theory of the target language, which can easily be undecidable. The equations
of STLC consist of a base theory of substitutions and variables with four added equations:
substitution on application and function terms and β- and η-equivalence.

Consider the equation for call-by-value β-equivalence: (λ(x : A). e) v = e[v/x]. To satisfy
Pyrosome’s requirements, I must show that J(λ(x : A). e) vK = Je[v/x]K in the equational
theory of the CPS calculus. To prove this goal manually requires evaluating the compiler on
the two programs and then applying equations from the target theory for target-language
β-reduction and substitution until the left- and right-hand sides converge. I sketch that
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process below, skipping most substitution equations:

J(λ(x : A). e) vK
≜ (k (λp.let ⟨x, k⟩ := p in JeK))[λz1.(k JvK)[λz2.(z1 ⟨z2, k⟩)/k]/k]
= (k (λp.let ⟨x, k⟩ := p in JeK))[λz1.((λz2.(z1 ⟨z2, k⟩)) JvK)/k]
= (λz1.((λz2.(z1 ⟨z2, k⟩)) JvK)) (λp.let ⟨x, k⟩ := p in JeK)
= (λz2.((λp.let ⟨x, k⟩ := p in JeK) ⟨z2, k⟩)) JvK
= (λp.let ⟨x, k⟩ := p in JeK) ⟨JvK, k⟩
= let ⟨x, k⟩ := ⟨JvK, k⟩ in JeK
= JeK[JvK/x]
≜ Je[v/x]K

Even though I skipped substitution steps in the derivation above, it shows how painfully
mechanical it can be to perform equational proofs like this one manually. While for this
specific case, EqSat is overkill and a reduction engine suffices, there are many such equational
proofs that rely on η-equivalence or more generally on equations that do not directly define a
confluent rewriting system. Furthermore, I observe that while such proofs can be onerous
to perform manually, the programs involved are typically quite small from an automation
perspective, and so EqSat seems an excellent fit for the domain. Using my EqSat procedure,
I can prove J(λ(x : A). e) vK = Je[v/x]K by invoking a single theorem, the soundness of my
EqSat-based comparison function egraph_equal, and then running the requisite computation
to see that it returns true.

4.2 Functional Architecture
This section covers the majority of the e-graph architecture but leaves details regarding
e-graph rules and the internal worst-case-optimal join engine to dedicated sections. Although
I follow the structure laid out by Zhang et al. [13], I do deviate in a number of ways. Most
importantly, while many of the key techniques in efficiently implementing egglog-style EqSat,
such as the idea of amortizing rebuilding, are straightforward to implement functionally (as
is required to get the whole procedure running inside Rocq’s logic), a number are not. Some
algorithms and data structures, like union-find, make sense to implement in the state monad,
closely mirroring their imperative structure. Others, like worst-case optimal join, are easier
to express in different, but conceptually connected, ways.

The most significant way in which I differ from the egglog implementation is due to the
inherent immutable nature of my available data structures. The core table structure used in
their development is fundamentally an imperative structure in a way that does not clearly
translate to my setting. Instead, I use a simpler layout. An e-graph ⟨D,U,PA, E,W,A⟩ in
my implementation is a 6-tuple of, in order, a tabular database D of the atoms in the e-graph,
a union-find structure on identifiers U , a map from identifiers to their parents PA, a current
epoch E, a worklist W of rebuilding actions, and a map A from identifiers to their minimal
analyses. Of these, the first two should be seen as the real data of the e-graph, while the
other four make up the metadata necessary to implement EqSat efficiently.

I purposefully retain a level of abstraction in the majority of the thesis by referring to
identifiers rather than a more concrete type. Although in my current top-level Pyrosome
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tactic, I invoke EqSat with binary numbers as identifiers using Rocq’s positive type, my
code is parametric over the type of identifiers, so long as the chosen type is sufficiently natural
number-like. Specifically, I assume identifiers support Boolean equality, have a base element,
a successor operation, and an ordering in correspondence with the natural embedding of the
natural numbers. In development, I took advantage of this feature to use strings as identifiers
for debugging. On the other hand, I can likely improve performance by a noticeable constant
factor by using machine words, although this instantiation would require small changes to
check for overflow at identifier allocation as my proofs assume an infinite set of identifiers.

The database takes the form of a map from function symbols to tables, where each table
is itself a map from a list of identifiers to an identifier, together with two pieces of metadata:
one for tracking epochs and one for e-graph analysis. My tables take the form of maps rather
than lists to enforce the functional dependence of atoms’ output identifiers on their arguments
and to merge them efficiently when I add overlapping atoms to the e-graph. For example,
using natural numbers as identifiers, if I have the atom R(1, 2)→ 5 in the e-graph and add
the atom R(1, 2) → 7, I must merge 5 and 7. With a map structure, I can discover the
overlap without scanning the table.

I emulate the egglog concept of timestamping by tracking a current epoch E, a natural
number that represents how many iterations of EqSat I have performed thus far. I also
store the epoch each atom was last updated in the database, which allows me to implement
semi-naïve evaluation by constructing indices that distinguish the newly updated entries
based on their epochs.

Analysis results form the last piece of metadata in my database. My e-graphs are
parameterized by an analysis typeclass that provides a pointed semi-lattice, that is a
type with a meet operation and a default element, supporting Boolean equality and an
atom-analysis function that maps an atom and a list of analysis results for its arguments to
an analysis result. Although the behavior of my analyses does not affect the soundness of
my EqSat theorems, for sensible results, this function should be monotone on its inputs. I
tag each atom with the last-known result of atom analysis in the database and additionally
record in the map A the meet of the analysis results of all atoms belonging to that identifier’s
e-class. This information is useful during extraction, where it supports quick selection of the
optimal atom from an equivalence class.

At the top level, my primary interface is an egraph_equal function that takes as input a
language specification, a set of rules to apply, a maximum number of iterations to ensure
termination, two terms in that language, and those terms’ expected sort. It returns true if it
can equate those terms and false if it cannot. Pyrosome users who interact through this
interface never even encounter an e-graph instance.

This function wraps a more general saturation procedure, saturate_until, that forms
the core of my implementation, shown in Figure 4.1. It accepts a set of rules to run, a
maximum number of iterations n to ensure termination, a predicate P on e-graphs to allow
for short-circuiting, and an initial e-graph. It then returns the e-graph produced by running
the rule set on the initial e-graph until P is satisfied or for n iterations if it is not. In the case
of egraph_equal, the e-graph is initialized with the two terms to be proven equivalent and
their shared context, and P tests whether the identifiers of those terms have been unified.
Procedures that perform more complex queries on the resulting e-graph, like extraction-based
simplification, can also easily be built on saturate_until.
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Context (rebuild_fuel : nat).

Definition run1iter (rs : rule_set) : state instance unit :=
@!let tries ← build_tries rs in
increment_epoch;
(list_Miter (process_erule tries) rs.(compiled_rules));
(rebuild rebuild_fuel).

Fixpoint saturate_until’ rs (P : state instance bool) fuel : state instance bool :=
match fuel with
| 0 ⇒ Mret false
| S fuel ⇒

@!let done ← P in
if (done : bool) then ret true
else (run1iter rs);

(saturate_until’ rs P fuel)
end.

Definition saturate_until rs (P : state instance bool) n : state instance bool :=
@! (process_const_rules rs);

(rebuild rebuild_fuel);
(saturate_until’ rs P n).

Figure 4.1: Top-level functions for EqSat
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As shown in saturate_until, I primarily interact with the e-graph instance through the
state monad, where the state consists of the current e-graph instance. I use the symbols @! to
begin a monadic do-notation block where the notation let x← m in e stands for monadic
bind and, as a special case, the notation m1; m2 stands for a bind where m2 ignores the return
result of m1. EqSat begins by running all constant rules and then rebuilding. I separate out
constant rules to run once so as to avoid needlessly rerunning them every iteration, which
also simplifies handling for all other rules as I can assume nonempty queries during the EqSat
loop. The main loop, saturate_until’, runs up to its allotted fuel, short-circuiting if the
condition P has been met. I choose to allow a monadic condition for ease-of-use, since that
way it can query the e-graph using the same functions the rest of my implementation uses. If
P has yet to be satisfied, I call run1iter to perform the steps of the inner loop. First it builds
tries that serve as index structures, allowing me to query the database efficiently. It then
increments the current epoch to reset the set of newly added atoms, runs each logic-program
rule from the provided rule set, and then rebuilds to restore congruence invariants.

When I discover that, for any reason, two identifiers should be merged, I union them in
the union-find U . Most e-graph operations that accept identifiers begin by canonicalizing
them using the find function, which uses path compression to amortize the cost of frequent
access. When two identifiers are merged, in addition to updating U , I push the pair onto
the rebuilding worklist W . During rebuilding, I process each pair from the worklist using
the code from my implementation in Figure 4.2. Just like Figure 4 in Willsey et al. [21],
as long as the worklist is nonempty, my rebuilding function pulls the identifiers to process,
canonicalizes them, and then invokes repair on each item. The termination argument for
rebuild is nontrivial, and full rebuilding is not necessary for soundness, only completeness,
so I simply pass in a large enough rebuilding fuel argument as an additional parameter to
EqSat.

My repair function differs from theirs in two ways: First, it handles what I term analysis
repairs, where the identifiers do not need to be updated, but the results of analysis can be
improved. I repair these separately as the process mirrors standard repair but can terminate
earlier by detecting that a parent’s analysis is unchanged. Second, for standard repairs,
Willsey et al. [21] use single identifiers in their worklist and then iterate over all parents of
the new union to update them. I observe that the canonical representative of the new union
must be the representative of one of its inputs, so none of that input’s parents need to be
updated. By recording pairs of both the demoted and maintained canonical identifiers, I
can avoid iterating over the parents of the maintained identifier and instead just process the
parents of the demoted identifier. Even in the case where I have to update the canonical
identifier’s analysis, doing so is at most as expensive as a standard repair and typically less.

I implement this process in repair_union. First it removes the parents of the demoted
identifier x_old from the parent map. For each parent in that list, it calls repair_each,
which removes the atom from the database, canonicalizes it, and then re-adds it. This action
adds the new atom as a parent to all of the identifiers it contains, including x_canonical,
and updates the metadata used for analysis and semi-naïve evaluation. It then repairs the
analysis metadata for the canonical identifier’s parents if the demoted identifier has better
analysis results than the canonical one.
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Definition repair_union x_old x_canonical (analysis_better : bool)
: state instance unit :=
let repair_each a : state instance atom :=
@!let _ ← db_remove a in
let a’ ← canonicalize a in
let _ ← update_entry a’ in
ret a’ in

@!let old_ps ← pull_parents x_old in
let ps1 ← list_Mmap repair_each old_ps in
if analysis_better
then let canon_ps ← get_parents x_canonical in

(list_Miter repair_parent_analysis canon_ps)
else ret tt

Definition repair e :=
match e with
| union_repair old_idx new_idx analysis_better ⇒

repair_union old_idx new_idx analysis_better
| analysis_repair i ⇒
@!let ps ← get_parents i in
(list_Miter repair_parent_analysis ps)

end.

Fixpoint rebuild fuel : state instance unit :=
match fuel with
| 0 ⇒ Mret tt
| S fuel ⇒

@!let todo ← pull_worklist in
if is_empty todo then ret tt
else let todo ← list_Mmap canonicalize_worklist_entry todo in

(list_Miter repair (worklist_dedup todo));
(rebuild fuel)

end.

Figure 4.2: Rebuild implementation

Program P ::= R⃗
Rule R ::= Γ ⊢ ∆
Conjunction Γ,∆ ::= c⃗
Clause c ::= a | x = y
Atom a ::= f(x⃗)→ y
Variable x, y, ...

Figure 4.3: Logic-program IR
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4.3 Logic-Program Intermediate Representation
The rule set passed to saturate_until looks a bit different from a standard logic program,
but I will defer the description of the executable rule sets until the reasons for my alternate
representation become apparent. Instead, I first present the intermediate representation
(IR) that compiles to them, with syntax shown in Figure 4.3, that evolved from the core
egglog language [13]. Unlike core egglog, I do not support nested patterns in my IR, instead
requiring them to be compiled away into conjunctions of atoms in a similar fashion to Zhang
et al. [1]. On the other hand, I support single rules with multiple conclusions, making my
rules sequents rather than single inferences. Such rules could be decomposed so that each
conclusion belonged to a separate rule, but maintaining multiple conclusions is critical for
reducing the number of queries. I also add support for explicit unification clauses x = y as
they are simple to support and convenient for my purposes.

Semantically, a program P represents a conjunction of rules run in parallel, where each
rule Γ ⊢ ∆ represents a transformation that, for all satisfying assignments to Γ on a given
database, adds the clauses given by ∆. The greatest semantic difference between my IR
and core egglog is that any variables that appear in a rule’s conclusion ∆ but not its query
Γ are existentially quantified. Existential variables have been studied in Datalog settings,
where they have been shown to lead to nonterminating programs when not restricted [64,65].
However, the existing expressiveness of EqSat makes such a concern moot in my case. When
a rule with existential variables matches a satisfying assignment, the e-graph generates a
fresh identifier for each existential variable. In the case of a logic program compiled from a
term-based rewrite system, many of the output variables of atoms in the conclusion will be
existential.

Supporting existentials serves a dual purpose. First, it generalizes the core egglog
semantics for atoms without output variables. Zhang et al. [13] essentially build existential
behavior into their semantics for this special form, since existential output variables are
sufficient to represent term-based rewriting. The reason I choose the more general semantics,
aside from increasing rule uniformity by eliminating one kind of atom, is that in conjunction
with multiconclusion rules, they allow me to express the full conclusion of a rewrite rule with
a single logic sequent. On the other hand, core egglog would require an additional rule, and
thus an additional query, for each clause in the conclusion. Such a language is sufficient for
exposition as it is used by Zhang et al. [13], but since my system is verified, my formalism
must match my implementation precisely.

4.4 Worst-Case Optimal Join and Set Intersection
Following Zhang et al. [1], I implement a generic join procedure for computing the valid
matches for each rule, with the pattern interpreted as a conjunctive query over the database.
Generic join is usually presented in an imperative style that is a poor match for a functional
language like Gallina. Rather than explain the traditional presentation, I will describe my
implementation directly, as I believe that the functional algorithm is easier to understand. I
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Figure 4.4: Trie intersection example

start with a very high-level, but nonetheless informative, description:

assignmentsDB(Q(z⃗)← R1(x⃗1), ..., Rn(x⃗n)) ≜
⋂︁

i∈[1..n] trieDB(Ri(x⃗i), z⃗)

trieDB(R(x⃗), z⃗) ≜ {v⃗ | R(x⃗)[v⃗/z⃗] ∈ DB}

Consider a conjunctive query Q(z⃗) ← R1(x⃗1), ..., Rn(x⃗n), where Q(z⃗) means that query
returns assignments to the variables z⃗ (and so each x⃗i is required to be a subset of z⃗). The
function assignmentsDB computes the satisfying assignments from a database DB to the query.
It does so by intersecting the sets of satisfying assignments to each individual clause, given
by trieDB. Critically, this function takes the query-wide variable order z⃗ as an argument,
allowing each set to return its tuples in the corresponding order, which in turn allows me to
intersect them directly without keeping track of the clauses’ variables in assignmentsDB.

The key to generic join is constructing an index structure for each call trieDB(Ri(x⃗i), z⃗)
in the query. This index represents the set of all assignments v⃗ for z⃗ that produce tuples in
the table Ri when applied to x⃗i. Once I have a set of assignments for each clause, I intersect
them to compute the set of assignments that satisfy all clauses. The power of intersection
is that if I represent the assignments as tries keyed in the order given by z⃗, I can compute
the intersection of two tries in size proportional to the output, which is bounded above by
the size of the smallest input. In fact, this observation generalizes to an n-way intersection,
which I implement in a breadth-first manner to obtain the correct asymptotic behavior:⋂︁

t⃗ ≜ {x, x⃗′ | ⟨x, t⃗′⟩ ∈ collect(⃗t) ∧ x⃗′ ∈
⋂︁
t⃗′}

collect(t1, ..., tn) ≜ {⟨x, (t′1, ..., t′n)⟩ | ∀i ∈ [1, n].⟨x, t′i⟩ ∈ ti}

Intersection operates recursively, calling collect at each level of the tries in the list and then
operating on the lists of tries that make up the values of collect ’s output. At each step, the
keys of the map returned by collect are the set of valid assignments to the next variable
in z⃗. To understand why this breadth-first style is critical for performance, consider the
three-way intersection in Figure 4.4. If I intersect the two tries on the left first, as shown in
the figure, I must follow the 1 branch of each and recursively compute the intersection. I
then immediately discard this subtrie when I intersect with the rightmost trie, since its root
does not have a branch for the element 1. On the other hand, my breadth-first intersection
never processes the subtries of the 1 branch because the first call to collect sees that the third
trie is missing the branch and so excludes it.
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To build each trie, I iterate over the tuples in the table Ri; compute the assignment, if
any, to the variables z⃗ that produces that tuple; and add that assignment to the index. A
tuple may fail to match a clause, getting removed from contention before I even begin the
intersection process, when some variable appears more than once in x⃗i. On the other hand,
the downside of materializing the set of assignments is that, typically, many assignments
satisfy a single clause because for each variable that does not appear in the clause, there is a
satisfying assignment for every possible value. For example, consider the clause edge(x, y)
in the query Q(x, y, z) ← edge(x, y), edge(y, z), where in the database, I have the table
edge ≜ {(0, 1), (1, 1)}. Since each assignment consists of a triple with one value per variable,
I might have satisfying assignments like (0, 1, 0), (0, 1, 1), or (0, 1, 2).

Technically, I could enumerate all possible values of z based on the finite pool of values
in the database, but this approach is clearly infeasible on typical tables. Instead, I make a
small modification to my tries so that they can compactly represent the infinite sets implied
by the definition of trieDB above. For each trie I maintain a list of flags indicating which
variables it constrains. I then construct tries containing values only for the flagged variables.
For example, the trie for edge(x, y) from the earlier query would have pairs (0, 1) and (1, 1)
as keys and the flag list true, true, false, corresponding to the variable list x, y, z. I interpret
this trie as representing the infinite set {(vx, vy, vz) | (vx, vy) ∈ {(0, 1), (1, 1)}}.

While this extension solves the problem of a compact trie representation, I must account
for it during intersection. To intersect two tries where the first trie constrains the first variable
and the second does not, I can intersect the second trie with each child of the first trie.
Generalizing to the n-ary case, I adapt intersection to take a list of flag lists F⃗ along with
the tries t⃗:⋂︁

(⃗t, F⃗ ) ≜ {x, x⃗′ | ⟨x, t⃗′, F⃗ ′⟩ ∈ collect(⃗t) ∧ x⃗′ ∈
⋂︁
(t⃗′, F⃗ ′)}

collect(t1, ..., tn) ≜
{︃
⟨x, (t′1, ..., t′n), (F ′

1, ..., F
′
n)⟩ | ∀i ∈ [1, n].

(⟨x, t′i⟩ ∈ ti ∧ Fi = true, F ′
i )

∨ (t′i = ti ∧ Fi = false, F ′
i )

}︃
Although managing skipped variables adds complexity to my intersection algorithm, the

result is functional code that efficiently computes the results of conjunctive queries. As this
intersection operation is the most performance-critical component of my tool, the actual
implementation1 also includes a number of more fine-grained optimizations, but its essential
process follows what I describe here.

One benefit of materializing my assignment sets is that I can share them between queries.
Unlike in a traditional database implementation, where queries are assumed to be dynamic,
my logic program is determined once and then executed many times. Additionally, since
the rules can be thought of as evaluating in parallel, they can soundly share indices. Two
rules Q(x⃗)← R1(x⃗1), ..., Rn(x⃗n) and H(y⃗)← P1(y⃗1), ..., Pn(y⃗n) can share a trie T for clauses
Ri(x⃗i) and Pj(y⃗j) if Ri = Pj and the variables in x⃗i have the same order in x⃗ as the variables
in y⃗j do in y⃗. In theory, a logic program could necessitate a factorial number of indices per
table, since for a table of arity n, there are n! unique tries up to the above sharing criterion.
However, in practice I have seen far fewer, indicating that this sharing is quite effective.

1This algorithm is implemented for binary-tree-based maps and positive-number keys in the module
Utils.PosListMap of the source code as pt_spaced_intersect. The lack of generality for this specific code
is due to the limitations of the Rocq positivity checker.
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I also take the opportunity to implement semi-naïve evaluation as part of my index-
building and intersection planning. When I build an index for a relation, I actually build
three: the full trie T full

i , a trie T old
i that only contains facts from prior epochs, and a trie

T new
i containing only those atoms that have been updated since the last iteration. For each

query Q(x⃗)← R1(x⃗1), ..., Rn(x⃗n), I then compute n intersections, where we compute the ith
intersection as follows:

T old
1 ∩ ... ∩ T old

i−1 ∩ T new
i ∩ T full

i+1 ∩ ... ∩ T full
n

This tripartite pattern guarantees both that every match is justified by at least one new tuple
and that the n intersections do not replicate each others’ work. Furthermore, since the size
of the output of intersection is bounded by the size of each input, once I have built my tries,
query time is bounded not by the size of the whole database but by the smaller size of the
set of fresh updates.

4.5 Shared Queries
My queries can share indices due to the structure of the executable rule sets that saturate_until
runs, shown in Figure 4.5. A rule set is a triple ⟨Q, R⃗, C⃗⟩ made of three components: a
mapping Q from function symbols and indices to access patterns, a list R⃗ of compiled rules,
and a separate list C⃗ of constant rules, rules with empty queries. A constant rule corresponds
to a conjunction of clauses ∆, but I split it into three components: the list of (existential)
variables x⃗, so that I do not have to compute them during iteration; the list of atom clauses
a⃗; and the list of unification clauses e⃗.

The more interesting components are the compiled rules R⃗ and the shared query template
map Q. For each function symbol f , Q contains the set of all access patterns used by f -clauses
in the whole program. An access pattern for a function symbol f of arity n is an n+ 1 tuple
of natural-number indices, each indicating the level of the trie that represents its position in
f -atoms. Numbers may appear more than once, but an access pattern must use every natural
from 0 to the largest one that appears in the pattern. For example, the access pattern for
the query clause f(x, y)→ x would be (0, 1)→ 0 if the query used the variable order x, y, z
and (1, 0)→ 1 if the query used the variable order z, y, x.

The benefit of taking an indirection through these access patterns is that a given pattern
corresponds precisely to the class of indices for a function that have the same underlying
trie but may skip different variables from the query. To emphasize this point with more
examples, the access pattern (0, 1)→ 0 would also represent f(x, y)→ x under the variable
order z, x, y, and additionally would represent the atoms f(z, y)→ z and f(z, x)→ z.

This ability for even clauses in the same query to share tries allows me to reduce the
number of index structures I build significantly. For example, consider the logic rule that
declares a relation edge transitive: edge(x, z)← edge(x, y), edge(y, z). Choosing the variable
order x, y, z, since both clauses share the same access pattern, I only have to construct one
index to support this query. My intersection algorithm would then intersect two versions of
it together: one that declares its contents as x and y, skipping z; and one that declares its
contents as y and z, skipping x.
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Program P ::= ⟨Q, R⃗, C⃗⟩
Query Clause Map Q : S × I

fin−−→ (N⃗× N)
Rule R ::= ⟨y⃗, p⃗, x⃗, a⃗, e⃗⟩
Constant Rule C ::= ⟨x⃗, a⃗, e⃗⟩
Unification Clause e ::= x = y
Atom a ::= f(x⃗)→ y
Variable x, y, ...

Figure 4.5: EqSat executable format

I then store my rules with nonempty queries as 5-tuples ⟨y⃗, p⃗, x⃗, a⃗, e⃗⟩. y⃗ lists the (universally
quantified) variables appearing in the rule’s query, specifying their order. I represent the
clauses of the query as query pointers p, each of which has three components: the function
symbol f , an identifier i, and a list of variables z⃗. During query computation, I use f and i to
look up the index generated by the access pattern stored in Q with key (f, i). I ensure that
the order of the variables in z⃗ matches their order in y⃗, which allows me to see the natural
numbers in the associated access pattern as indices into z⃗. The last three components serve
the same purpose as in a constant rule, dictating what atoms and unifications to write on a
valid assignment to the query.

I compile the more standard logic programs written in the language of Figure 4.3 to
my specific representation before performing EqSat, which allows me to establish the full
sharing plan once before execution rather than having to determine it on-the-fly. My compiled
representation does not support unification clauses in the query. However, this convention
does not reduce expressivity since on the query side of a sequent, every unification can be
replaced by nonlinear pattern variables, which I do in my rule-optimization pipeline.

4.6 Rule Optimization
Given that my rule sets start as Pyrosome inference rules, compile to logical sequents, and
then further transform into executable rules, efficient compilation forms a key part of my
development. For example, by reducing the number of clauses that a query contains, I
can eliminate redundant computation from the intersection procedure; and by converting
unification clauses in a query into nonlinear patterns, I can even reduce the size of the
generated indices themselves at runtime.

I take advantage of my existing e-graph machinery to optimize my logic programs as I
generate them from Pyrosome. Every Pyrosome rule concludes with either the well-formedness
of some term or an equation. I focus here on equational rules, although both can be compiled
and run by my system. Such a rule contains a context c, which documents the types of
all pattern variables in the rule, as well as any side conditions; a left-hand term e1; and a
right-hand term e2. From this rule, I will generate a left-to-right rewrite. Since the rules
are symmetric, it suffices to consider one direction since I can always reverse the rule before
compiling to obtain the other direction.

From c, e1, and e2, I aim to produce a sequent Γ ⊢ ∆ in my IR such that matching
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Γ is equivalent to matching e1 with values satisfying c, and accumulating the facts in ∆
is equivalent to adding the resulting instantiation of e2 to the e-graph and unifying their
identifiers. To do so, I exploit a correspondence between databases and queries. If I treat
equivalence as a custom, distinguished relation, my e-graphs are essentially a specialized
form of database, and the left-hand sides of my sequents are conjunctive queries. One way to
interpret the semantics of a query Γ is that the query itself is a database where the variables
make up the data in the tables. Then the results of evaluating Γ on a database D are given
by the set of assignments that map Γ to D.

The key for my use is in the other direction, since I can also recast databases as queries
by interpreting their values as variables. The upshot is that to generate Γ (and respectively
∆), it suffices to make an e-graph that contains c and e1 (and respectively e2, unioning its
identifier with that of e1). Since adding a term to an e-graph is one of its basic operations, I
can do so quite easily.

The power of this approach is that when the components of my rule pass through the
e-graph stage, I can use the same computations I already implemented for running EqSat to
optimize my queries, specifically rebuilding and the natural deduplication of shared subterms.
The simple translation given by Zhang et al. [1] will produce redundant clauses whenever a
subterm appears more than once that must be deduplicated. Furthermore, because of the
generation of fresh output variables, this deduplication has to unify the output variables as it
traverses the set of clauses, or only the very leaves of the shared subterms will be unified.
The hash-cons-like behavior of an e-graph solves these problems. While a standard hash-cons
would handle the majority of optimizations I want, rebuilding handles some more complex
cases.

4.6.1 Sort Pattern Optimization

In order to translate Pyrosome rules to e-graph rules generically, I had to include not only
the left-hand side of a rewrite but also clauses based on the context c that constrain the sorts
of the query variables. These clauses ensure that any matching assignment has the right
signature, which is critical to proving the correctness of e-matching. However, the additional
clauses have significant implications for e-graph performance. The clauses themselves are not
so critical to e-matching performance as the complexity of worst-case optimal join is bounded
by the size of the output anyway, but they enforce a harsh requirement: in order for a rule to
fire, the e-graph must contain all of the leaf sorts of the pattern it matches.

However, some languages do not naturally produce all of the requisite sorts through
rewriting. My first fix for this gap was to add the sort-former rules to the saturation loop.
This solution works in the theoretical sense and indeed facilitated a few previously blocked
proofs, but it had disastrous performance implications. For example, the sort of substitutions
eagerly populated the database with the cross product of contexts, quickly leading to a
blowup in the size of the e-graph.

The proper fix is to justify removing the sort clauses from the query. To explain why this
justification is challenging, consider the language in Figure 4.6 and the pattern h x, where
x is a variable to be filled. Can the assignment [x ↦→ b] satisfy this query? It depends on
the context. If the full rewrite that we want to compile is (the left-to-right interpretation
of) x : B ⊢ h x = x : B, then the assignment successfully matches the context’s signature.
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A sort B sort b : B

x : B

h x : B

x : A

A = B sort

Figure 4.6: Language requiring sort clauses

However, if the rule is x : A ⊢ h x = x : B, then we have a problem. This rule is well-formed
because when A is inhabited, it is equivalent to B, so h x is well-formed. However, when
trying to type the substitution [x ↦→ b], we do not have an instance of A available, so we
cannot assign it the context’s typing, and it is not a valid instantiation of this rule.

I exclude complex cases like this one by defining a conservative criterion that identifies
rules where the sort clauses are safe to exclude. As a simple example, this problem disappears
across the board for languages with syntactic sort equality. This criterion is quite conservative,
though, specifically excluding all polymorphic and linear languages, so I do better. The
example above actually serves as a guide: problems only occur when there is a syntactic
difference between the sorts in the context and the expected sorts of the variables in the
pattern term, for example the x : A in the context and the expected sort B of the argument
to h, because that difference brings conversions into play.

The syntactically expected sorts of a term are trivially computable, so I statically check
each variable that appears in the pattern, and if it appears at a sort syntactically equal to
its context sort, I am free to drop its context-sort clauses. Under this criterion, I amend
my query-generation procedure: rather than instantiating the query e-graph with all of c,
I need only include the context variables that do not satisfy this condition. Following this
procedure, I eliminate sort clauses for the vast majority of the variables in our rules. Most of
the rest do not appear in patterns at all, which means that these represent side conditions,
and neither their existence nor well-formedness is implied by the matching of e1. As a result
of simplifying queries, I do not need the kludge of sort-former saturation.

4.7 Analysis and Extraction
In the domain of e-graphs, extraction deals with materializing a suitable algebraic term
that represents one node of the e-graph. Often an e-graph implies that many such terms
are provably equivalent, and we want to choose among the equivalence class in a principled
way. For instance, we may want to choose the smallest term, or we may want to choose
one predicted to run most quickly in the cost semantics of the programming language it
belongs to. Though a simple approach is naive enumeration of all terms in the equivalence
class, at which point each can be measured and the best-performing term selected, such
enumeration can easily become the main bottleneck of an end-to-end reasoning flow, since
e-graphs represent large equivalence classes so compactly.

While checking term equivalence does not require extraction, I make use of extraction in
a variety of ways, including to implement e-graph-based type inference. Given the complex
nature of e-graphs, it can also be difficult to debug negative results without it. More
generally, extraction serves a key role in many potential future uses of my tool, such as
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def optimal_nodes ( g ) :
nodes = {}
for f , args , entry in g . db :

i f entry . a n a l y s i s <= g . an a l y s i s [ entry . ident ] :
nodes [ entry . ident ] = ( f , a rgs )

return nodes

def ex t r a c t ( g , ident ) :
nodes = optimal_nodes ( g )
memo = {}
def extract_loop ( ident ) :

i f memo. conta in s ( ident ) : return memo[ ident ]
( f , a rgs ) = nodes [ ident ]
c h i l d r en = args .map( extract_loop )
memo[ ident ] = ( f , c h i l d r en )
return ( f , c h i l d r en )

return extract_loop ( g . f i nd ( ident ) )

Figure 4.7: Extraction Pseudocode

term simplification or even for turning EqSat into a stage of compilation in its own right.
Unfortunately, optimal extraction is known to be NP-hard [20], which could significantly
bottleneck interactive operations if implemented as-is, and additionally is hard to approximate
[66]. Despite the small size of the graphs I tested with, my initial, naïve implementation failed
to terminate in any reasonable length of time. Recent work has developed procedures that
become efficient on sufficiently tree-like graphs [66], which covers many practical situations,
but that work does not handle extraction in the presence of cycles, a critical necessity for my
use cases. Goharshady, Lam, and Parreaux [66] note that their algorithm can be extended
simply to handle cycles but that the complexity of the resulting procedure is impractical,
negating its purpose. Additionally, their implementation depends on tree-decomposition
libraries that I currently lack in Rocq.

Instead, I implement a simple, linear-time procedure that computes optimal extraction for
a generalization of additive cost functions, following the approach of Willsey et al. [21]. Despite
the apparent contradiction, Willsey et al. [21] do not disprove the complexity of extraction
but instead find significantly preferable results from shifting a portion of computation from
extraction to the running e-graph during saturation.

My implementation of extraction, like theirs, uses e-graph analysis to record the optimal
costs of different e-classes. At extraction time, given an identifier, I can query for its optimal
cost and then greedily select the first element of its e-class with that cost. To ensure that
each e-class is only ever visited once, and therefore that the procedure is at most linear in
the size of the e-graph, I memoize it. Memoization is necessary because when the optimal
term has repeated subterms, it can be much larger than the size of the e-graph.

Figure 4.7 shows pseudocode for my extraction algorithm, which is quite simple once
I assume the analysis system tracks minimum cost. It consists of two components: first I
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traverse the e-graph tables once to gather an optimal node for each e-class. A linear scan
suffices since I can simply compare each node’s recorded cost to the known optimal cost of
its e-class. Once I compute the mapping from identifiers to their optimal nodes, I find the
canonical identifier for my desired term and compute that term by recursively looking up the
next node and computing its children. I memoize the loop by building a map from inputs to
precomputed outputs as it evaluates and short-circuiting whenever I encounter an identifier
in the map.

Zhao, Subotić, and Scholz [67] also implemented a similar system for the purposes of
debugging Datalog. They augmented the Soufflé datalog engine with the capability to query
the running engine for the minimum-height proof tree representing the provenance of a
particular fact. They observed that by recording for each atom the height of its minimal proof
tree, they could greedily construct such a tree by, at each level, choosing the first rule where
all subtrees have lesser minimum height. In large-scale studies, they encountered an average
of a 1.31× runtime overhead on their logic programs [67] in exchange for fast extraction,
which I believe to be quite acceptable in the context of EqSat.

4.8 Optimizing Pyrosome Equivalence Goals
As my primary use for e-graphs is in proving equivalence between pairs of Pyrosome terms, I
augment saturate_until with some specialized machinery to support goals of this shape.
There are three techniques I use to improve performance on these goals: rule scheduling,
eager reduction, and opportunistic congruence.

Rule Scheduling In order for my algorithm to be a complete recognizer for equivalences
in the input language, it needs to be able to run equations in both directions. This need is
not just hypothetical: In the Pyrosome case studies, the η-laws must be run in reverse to
expand the appropriate terms. However, running rules in reverse generates significant blowup
in the size of the e-graph. To mitigate this blowup, I schedule 10 left-to-right runs of the
language rules before each right-to-left run, following the broad convention that the simpler
term is likely to be on the right. I could doubtless use more advanced techniques, but this
heuristic served as an effective starting point.

Rule scheduling does have a subtle interaction with semi-naïve evaluation. Semi-naïve
evaluation operates on the premise that the rules are constant across epochs. When the
rules change between batches, unmodified semi-naïve evaluation is no longer complete. For
example, in my default 10-to-1 schedule, a fact learned on iteration 5 of the left-to-right rules
may need to be available as a new fact for the right-to-left rules. In order to handle this case,
I generalize my evaluation to index all tuples within a window of epochs rather than just the
most recent one. I compute the size of this window based on the static schedule so that the
frontier contains every epoch through the last time the current rule set was run. As a result,
repeated iterations of the same rule set correctly see only the most recent epoch, while a
switch between rule sets sees every tuple written from the last time those rules ran onward.

Eager Reduction E-graphs suffer from a well-known challenge when manipulating terms
that can reduce for many steps: Because the e-graph maintains every known term, such
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reduction can also significantly clutter the e-graph in ways that compound with running
expansive rules like most right-to-left rules. Following the hypothesis that most equivalences
between terms factor fairly well through normal forms, I eagerly check for either of our goal
terms to decrease in size, and when they do, I immediately extract both terms and restart
with a fresh e-graph. This heuristic might seem wasteful, but extraction is quite cheap
compared to running queries against a large e-graph.

Opportunistic Congruence In addition to my eager reduction strategy, I observe that I
can also reduce the size of each e-graph by appealing to congruence. For example, should I
try to prove (a, b) = (c, d), it suffices to prove a = c and b = d. This decomposed search will
be faster than operating on the combined term because the pair constructors never appear in
the e-graph, and each subterm can be processed independently. However, it is important not
to be too eager with congruence. For example, if I want to equate two function applications
f v = f ′ v′, it is absolutely not safe to appeal to congruence since f and f ′, even if they are
equal, may not be injective.

The choice of congruence rules to apply does not affect the soundness of the procedure, so
I do not incur any proof obligations in connection to this feature, but incorrect congruences
defeat the completeness of EqSat. My current approach is to generate a list of promising
congruences from each language definition automatically. I do so by constructing an e-graph
seeded with terms that appear in the various equations of the language and saturating it up
to a small bound. I inspect this e-graph to identify non-injective operations and keep every
congruence for which we do not find a counterexample. This heuristic overapproximates the
true set of complete congruences but seems to work well in practice so far.

4.9 Compiler Correctness by Computation
The computational nature of my e-graph machinery lets me do something quite pleasant for
all of the fully automatic compiler-correctness proofs. The only undecidable parts of compiler
correctness in Pyrosome are the leaf goals, which are either well-typedness goals or equations.
Furthermore, the only undecidable part of well-typedness is conversion between sorts, which
means that were I to have an oracle for equivalence, type and equivalence preservation would
be decidable.

I implement a verified computation that recognizes correct compilers by using my e-graph
as that oracle. Although it is not guaranteed to succeed within its allotted fuel, if it does,
my soundness theorems tell us that the equation must hold. Based on this observation, I
implement a computation that lifts our e-graph reasoning to the whole compiler and verify
its correctness. An automatic proof of compiler correctness then becomes an appeal to this
lemma combined with a call to vm_compute, Rocq’s faster internal evaluator.

4.10 Equality Saturation for Type Inference
In addition to the equational-reasoning queries described in section 4.1, I also use my e-graph
implementation to perform language-agnostic type inference in Pyrosome. Type inference
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for an arbitrary Pyrosome language is undecidable since GATs can encode extensional type
theory and similarly difficult type systems. Type inference is also critically useful for defining
languages and compilers as it would be quite unfortunate to write all of the context and type
information Pyrosome requires by hand in an equation or compiler case.

Initially, I used a tactic-based unification approach to type inference built by piggybacking
on Rocq’s evars. However, this system’s limitations became apparent with the polymorphic
and linear languages. The difficulty with these languages lies in the interaction between
the implicit arguments that type inference must fill and the non-trivial type and context
equations of the two languages. Since equations, as ever, are the main challenge, and I have
e-graphs on hand, I use my e-graphs as a type inference engine.

The critical point here is as an egglog-style fixpoint reasoning system, my e-graph engine
runs a superset of Datalog. Writing type-inference algorithms as logic programs is a well-
trodden topic. In order to adapt saturation to type inference, I just need the right extraction
weights and the right additional rules.

When inferring the implicit arguments in a Pyrosome term using e-graphs, I first insert a
fresh variable into the position of every implicit argument. Conceptually these are unification
variables, although they receive no special treatment during saturation. Instead, I choose a
weighting function that assigns each unification variable infinite weight. This means that so
long as saturation manages to unify every unification variable with a concrete term, extraction
is guaranteed to produce a fully elaborated term.

Setting up unification variables in this way is sufficient to infer types for a few programs,
but with just this much work, most programs will fail to unify their implicit arguments. To
understand the problem, consider the program (λx. x) @ v where v : bool and @ represents
application. Pyrosome requires type annotations at every level internally, so when we insert
unification variables, it ends up looking something like (λ(x :?A). x) @?B→?C v, where ?A,
?B, and ?C are distinct unification variables.

Because of the typing judgments for functions and function application, our e-graph will
contain the equation ?A → ?A = bool → ?C. However, it gives us very little to do from
there. To make progress on this example, type-inference algorithms take advantage of the
injectivity of the function type, which lets us unify the left- and right-hand sides of the equal
function types, leaving us with bool = ?A = ?C.

Logically, injectivity for function types is (A → B) = (C → D) =⇒ A = C ∧ B = D.
Unfortunately, we cannot write such a rule in Pyrosome. While it is a provable property of
STLC, System F, and indeed most languages with functions, it is not monotone under language
extension. Put another way, injectivity is a property of the initial model, but not every model.
As a result, Pyrosome deliberately lacks the vocabulary for such implications of equalities.
Instead, we write these rules directly in extended Datalog, which has no such limitation. Since
they follow a rigid form, they are easy to encode. As a Datalog program, function injectivity
has the following form, where we use Fn as the type former for the function type to avoid
ambiguity with the syntax for atoms: Fn(A,B)→ F, Fn(C,D)→ F ⊢ A = C, B = D.

While e-graphs would probably not be suitable as a type checker for large programs, in
my context, they simply have to type the small terms used in the definitions of Pyrosome
compilers. The small scale of my terms keeps saturation relatively tractable in practice.
This type-inference engine is also not complete, but it seems to perform well on the current
case studies. Unlike most other uses of e-graphs in Pyrosome, this one does not depend on
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Component Previously Manual Currently Manual
STLC CPS 0 0
STLC CC 2 0
Fix CPS 0 0
Fix CC 1 0
Ref CPS 5 0
Ref CC 5 0

Poly CPS 1 1
Ex CPS 0 0
Ex CC 3 2
Imp 12 2

LinearCPS 8 1

Figure 4.8: Manual proof goals

their correctness. Instead, the extracted, annotated program gets separately checked for
well-formedness by a verified procedure that can skip all of the extra type-inference rules. This
divide is what allows me to add injectivity rules so easily. So long as they are admissible, they
strictly grow the set of typeable terms without affecting the proof obligations. Unsound rules
have the potential to cause type inference for a valid term to fail, but successful inferences
are still validated by later steps.

4.11 Equality Saturation and Pyrosome’s Case Studies
I evaluate my verified e-graphs by applying them to the Pyrosome case studies. To recap, the
main case study is a two-pass compiler that implements a continuation-passing-style transfor-
mation followed by closure conversion, closely inspired by the first half of the compiler from
Morrisett et al. [28]. This compiler starts as a compiler for STLC and, as per the Pyrosome
paradigm, incrementally adds recursive functions, mutable references, and polymorphism.
For the full set of case studies, Pyrosome generates 203 proof obligations, of which 166 were
solved automatically by more primitive tactics such as naïve left-to-right reduction. About
half of Pyrosome’s case-study goals are equations, including almost every manually proven
goal.

I replaced my prior automation for solving equations with my e-graph-based implementa-
tion, removing any formerly manual proof cases whose goals equality saturation solved. In
Figure 4.8, I characterize these proof goals and find that our automation solves 197 goals,
with 6 remaining. Among the goals that were not previously solved, the most common root
causes were side conditions, which the prior automation could not handle; η laws, the use of
which does not typically correspond to reduction; and nontrivial type equalities, which the
reduction tactic also had few mechanisms for handling.

The most common culprits among the remaining manual goals are those that require
expanding rewrites to solve. Multiple of the remaining goals’ proof scripts boil down to
choosing the correct intermediate term, which can then reduce quickly on one side and expose
sufficient structure on the other. Without explicitly introducing these terms in the proof, the
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e-graph has to saturate with expensive rules that grow the term set without bound until it
hits the correct intermediate term.

4.12 Implementation Limitations and Future Work
Analysis My analysis system is essentially only half of egg’s, specifically lacking the ability
to influence the application of rewrites. This limitation renders it unsuitable for many of the
purposes presented by Willsey et al. [21] but, in exchange, greatly simplifies my proofs since no
theorems depend on the results of analysis. Additionally, were I to implement a full analysis
system, I would hew closer to the template laid out by Zhang et al. [13] where analyses
are simply additional relations and logic-program rules. To support this feature, it would
suffice to generalize the data contained by relations. Currently, all values in my database are
identifiers. This choice was sufficient to represent all Pyrosome rules and simplifies many
facets of our implementation and proofs. However, it should be straightforward, if a bit of
work, to generalize values to allow for custom semi-lattices.

Rule Scheduling I currently follow the naïve heuristic that left-to-right rules generally
make execution simpler and use a constant number of iterations before running a reversed
iteration for completeness. There is a rich field of work around selecting and orienting
equations that would likely improve the state of affairs. It even seems reasonable to have a
procedure that generates fresh equations implied by the existing ones in order to improve
performance. I could also reduce the iteration of expansive rules by identifying subsets of
rules that normalize and running those to a fixed point.
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Chapter 5

Verifying an Egglog Implementation

In this chapter, I discuss my proof that my e-graph implementation is sound with respect to
either an arbitrary model or an arbitrary Pyrosome language, depending on the component.
This proof is quite extensive, but this chapter focuses on the statements of correctness and
some of the critical properties.

5.1 AI and Modern Formal Verification
Before diving into the contents specific to e-graphs, I will start with some commentary on
the development process and how it changed over the course of this thesis. During my work
on this project, large language models (LLMs) reached a point where they were capable of
making significant contributions to verification efforts. The benefit of combining an LLM
with a mechanized theorem prover is that I do not have to trust the LLM, only Rocq’s kernel.
I made significant use of Claude Code [68] in the completion of this proof, and so I see it as
important to document both what that means for my results and what conclusions I can draw
about theorem proving as a discipline going forward. I begin discussing my proof effort with
this section not because it forms a significant thread across this chapter but so that I can set
a common understanding and wrap up the discussion of tools at the start, leaving the rest
of the chapter to focus on e-graphs. By default, readers should assume that the definitions,
invariants, and theorems I describe in this chapter were designed and written by me.

AI, Development, and Trust My use of LLM assistance does not significantly reduce
my confidence in my results. I make this claim because I used it adversarially: I assumed
that the LLM results were untrusted and independently verified them before making claims
about them. My primary methodology was simple: If the LLM only writes new proofs and
proves a theorem that I wrote, then so long as the Rocq kernel approves, I can trust it. I did
make some targeted edits to function definitions and theorem statements using LLMs, but
when doing so I first established my own expectations for what such a change would produce
and then manually checked that the resultant code matched my expectations line-for-line. I
ensured control over this process by placing the LLM-driven process in a separate virtual
machine that did not have permission to write to my project repository. Instead, to merge
its work into my project, I would pull its work, manually inspect the diff between it and my
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development’s main branch, and only merge it once satisfied that it had made no definition
or top-level theorem changes I did not request and carefully audit and that its code compiled
on my machine. I did not review all of the proofs it wrote, or its intermediate lemmas, so
it is possible that it took advantage of a bug in the Rocq kernel, which is the only way the
LLM could have subverted my results. However, its work broadly follows the path of the
proof that I forecasted, so I guess that the likelihood of this is low.

Qualitative Observations and Best Practices Based on my experiences, I have a few
observations that suggest development practices that benefit LLM-assisted proof development.
These tools are incredibly useful, but software verification is about producing high-assurance
results, and high-assurance they are not. As I indicated above, I believe that the most effective
way to use them is adversarially, that is in ways such that their results are independently
checkable at minimal cost. I spent an appreciable amount of time reviewing the diffs of
the AI’s work. Most of this time is avoidable, especially once good definitions and theorem
statements are written, so long as one separates definitions and theorem signatures from
proofs at the file level.

5.2 Verifying Equality Saturation
Because I have a software stack with multiple layers (Pyrosome at the top, the logic IR in the
middle, and the e-graph runtime at the bottom), I also have multiple layers of theorems and
statements of correctness in my proof. At the top level, egraph_equal has a specification
purely in terms of Pyrosome:

Theorem 5.1 (Soundness of egraph_equal). Given well-formed L, c, t, e1, and e2, if
egraph_equal fuel c e1 e2 t = true, then c ⊢L e1 = e2 : t.

For callers of egraph_equal, this theorem is all they need to know. The actual signature
of egraph_equal in the development has a few more parameters for performance tuning, for
example excluding specific rules, but the theorem quantifies over all of them unconstrainedly,
and my tactics default to a standard set of inputs, so I elide them here. All implementation
details and even the existence of the IR are completely hidden. On the other hand, I frame the
specification of lower-level operations like saturate_until and rebuild in terms of models
of my IR. Datalog-level properties, which make up the majority of my proof development,
build on a stack of specification components, which I define step-by-step below.

Models of Logic Programs A standard logic program can be modelled by a carrier set
D and a family of relations Rf , with arities given by signatures of the relation symbols f in
the logic program. Such a model supports a rule fo(x⃗o)← f1(x⃗1), ..., fn(x⃗n) whenever for all
variable assignments γ that map each variable x to a value d ∈ D such that Rf1(

⃗γ(x1))∧ ...∧
Rfn(

⃗γ(xn)) holds, we can deduce that Rfo(
⃗γ(xo)) holds. Since, unlike traditional Datalog, I

have functions rather than relations, I generalize the clauses to have distinguished outputs
following the shape of my atoms f(x⃗)→ y. For a given pair ⟨D,R⟩ to be a valid model, the
output must have a functional dependency in R as well, so given Rf(v⃗, v1) and Rf(v⃗, v2),
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we can conclude v1 = v2. I also generalize this construct to operate over setoids to give
me control over equality without resorting to exotic types for D. Thus, a model ⟨D,∼, R⟩
provides a carrier set D, a partial equivalence relation ∼ on D, and a family of relations
R : S × D⃗ ⇀ D where S is the set of function symbols. I let ∼ be a partial equivalence and
R be a partial function for mechanization convenience so that I can choose a D that is a
superset of the true domain, given by {d : D | d ∼ d}, and so that R’s signature does not
have to track the function symbols’ arities.

The Term Model The most important model I define is the Pyrosome term model. This
model is parameterized by a language L, has Pyrosome ASTs as its domain, L-equality as its
partial equivalence, and maps (f, t⃗) to the term f (⃗t) in most cases. The exception relates
to sort management. As a part of my translation from Pyrosome languages, which may
have complex or even dependent type systems, to logic programs, I introduce an additional
function symbol sort_of that takes one argument and returns that argument’s sort. The
term model’s relation holds for this function symbol exactly when its output is a valid sort
for its input.

E-Graph Interpretations As a way to reason about the content of the e-graph without
also managing its complex internal state, I define an interpretation i in a model m as a
map from the allocated identifiers of an e-graph to elements of m’s domain. I say that an
interpretation is sound with respect to an e-graph e, written e ⊨m i, when their domains agree
and every pair of identifiers related by the union-find map to equivalent elements in the model
and, for every atom f(x⃗) → y in the database, Rf( ⃗i(x), i(y)) holds. These interpretations
serve to separate reasoning about the logical contents of the e-graph from reasoning about its
index structures and implementation details.

Specifications for E-Graph Operations Since my EqSat implementation is written using
the state monad, I state the correctness properties of saturate_until and its subcomponents
using some basic common structure. Given a computation c in the state monad, I usually
state these properties as relations between the input and the paired output and return value
of c. As a notational convenience, I define c {R} to mean ∀s.R s (c s) where R is such
a relation. I use this notation to provide a bit of structure to the properties of e-graph
computations. Putting together the whole stack of specification components, I state the
correctness of rebuilding as follows:

Theorem 5.2 (Correctness of rebuilding). Let m be a model, i be an arbitrary interpretation
in m, and n be a natural number. Then

(rebuild n) {λe0 (o, e1).egraph_ok e0 =⇒ egraph_ok e1 ∧ ∀i.e0 ⊨m i ⇐⇒ e1 ⊨m i}

Rebuilding exhibits a common pattern that I take advantage of in the proof: The input
and output e-graphs have the same set of interpretations. Many of the lower-level e-graph
operations have the same property, which allows me largely to treat them as no-ops in terms
of their effects on the soundness of the e-graph. While it may be surprising to think of
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rebuilding, the signature operation of an e-graph, as having no semantic effect, it makes
sense. It may be helpful to think of sound e-graph operations as discovering and recording
preexisting facts about the model rather than adding new facts. Rebuilding never adds
new terms to the e-graph, so the set of identifiers is invariant. The only facts rebuilding
can discover are unions that record the equivalences between identifiers. If a union of two
identifiers is sound, it corresponds to discovering that the domain elements corresponding to
those identifiers in every input interpretation must have been equivalent the whole time.

I glue the basic e-graph operations together with helper lemmas that correspond to the
basic monadic operations, most critically this one for monadic bind:

Theorem 5.3 (Correctness of monadic bind). Let c : state S A be a stateful computation,
let f : A→ state S B, let R1 : S → A× S → Prop be a relation such that c {R1}, and let
R2 : S → B × S → Prop be a relation such that ∀s0 a.(f a) {λs1r. R1 s0 (a, s1)→ R2 s0 r}.
Then (let x← c in f x) {R2}.

I also prove corresponding lemmas for common monadic operations like monadic map and
fold over lists. This library of lemmas proved quite effective both in destructuring composite
computations and in guiding me toward the right specifications.

The correctness of saturate_until is more complex because it is highly parameter-
ized, but roughly speaking, the correctness of saturate_until states that for any valid
interpretation of the input e-graph, the output e-graph has an interpretation that extends it:

Theorem 5.4 (Correctness of saturate_until). Let m be a model, i be an arbitrary
interpretation in m, n be a natural number, rs be a rule set, and p : state instance bool.
If rs is sound with respect to m and we have

p {λe0 (o, e1). egraph_ok e0 =⇒ egraph_ok e1 ∧ ∀i. e0 ⊨m i =⇒ e1 ⊨m i}

then:

saturate_until rs p n
{λe0 (o, e1). egraph_ok e0 =⇒ egraph_ok e1 ∧ ∀i0. e0 ⊨m i0 =⇒ ∃i1 ⊇ i0. e1 ⊨m i1}

While such a theorem would not be sufficient to prove completeness of the procedure,
it gives us everything we need for soundness. Using the term model and egraph_equal as
an example, this theorem guarantees that the identifiers of the input terms in the starting
e-graph point to the same terms in the resulting e-graph. Then, if those identifiers are related
by the union-find, their model elements must be equivalent, which gives us the conclusion of
Theorem 5.1.

Although Theorem 5.4 is more complex than Theorem 5.2, it also represents a weaker
property because it allows for the existential extension of the interpretation. For Theorem 5.4,
this weakening is necessary because saturate_until does not satisfy rebuild’s stronger
property since it adds new terms to the e-graph. I initially proved a similar theorem about
rebuild instead of Theorem 5.2, which would have been sufficient for proving Theorem 5.4.
However, I also use rebuild in rule compilation, where interpretations correspond to sat-
isfying assignments of a query. In order to verify that process, I must apply Theorem 5.2
contravariantly, which necessitates the bidirectional implication.
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5.2.1 Verifying Rule Translation

Verifying rule translation requires engaging with the full gamut of specifications and abstrac-
tion levels present in my system. At a high level, translation promises that, given a set of
Pyrosome rules from a language l, it produces an executable rule set such that for any e-graph
that is sound with respect to the term model and an interpretation i that is well-formed with
respect to the term model, for any rule in the set whose query matches on i, every clause of
its output is sound with respect to the term model and therefore safe to add to i.

I decompose this property into smaller steps. For pattern terms e, I prove the following
theorem about the function that generates an e-graph from them:

Theorem 5.5 (Correctness of add_open_term). Let i be an arbitrary interpretation in the
term model for a language l, e be a term such that it has sort t under context c in l, s be a
closing c-substitution, and r be a mapping from the pattern variables of e to the domain of i
such that for each typed pattern variable x : tx ∈ c, r maps x to some z such that i(z) = s(x).
Then:

add_open_term r e{︃
λe0 (o, e1).

egraph_ok e0 ∧ e0 ⊨TERMl
i =⇒

egraph_ok e1 ∧ ∃i′ ⊇ i. e1 ⊨TERMl
i′ ∧ i′(o) = e[s]

}︃

I optimize the pattern in this representation by applying rebuild, which preserves the output
interpretation precisely and so appears transparent from a soundness perspective. I then build
a sequent Γ ⊢ ∆ in my IR from two e-graphs: one for the assumptions of the Pyrosome rule
and one for its conclusion. This sequent must satisfy the property that for all interpretations
i′ such that a renaming exists from the identifiers in Γ to the identifiers of i′ that satisfies the
clauses of Γ, the clauses of ∆ are also satisfiable. There is a correspondence between the context
variables of the rule under compilation and the identifiers of i′. Specifically, when we add a
pattern into the e-graph, every generated identifier occupies a return position of a function
tuple except for the identifiers that map to the context variables. This invariant ensures
that the interpretations of the e-graph are in bijection with the well-formed substitutions
at that context since the interpretation’s values at the identifiers corresponding to variables
determine the rest of the interpretation up to equivalence through functional dependencies.
As a result, I can equivalently state my goal as requiring that, for every substitution that
matches the left-hand side of a rewrite, the result must be equal to the right-hand side with
the same substitution applied. This property follows directly from the validity of the rule
under compilation.

5.2.2 E-Graph Invariants

Although I hide them inside the interface to my EqSat procedure, the correctness of my
algorithms depends on an array of invariants that apply to the various components of my
e-graphs. I begin with the union-find data structure, which consists of three computational
components: the primary identifier map that relates each identifier to its parent, a rank map
that bounds the depth of the tree rooted at each identifier, and the next fresh identifier to be
used for allocation. My implementation also tracks the maximum rank as a separate field
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so that my find function can be structurally recursive. Formally, I maintain the following
invariants and prove that find, union, and alloc preserve them:

1. The parent map is a forest with a list l of canonical elements as its roots. I define and
reason about this property using separation logic, although it is wholly contained by
the interface to union-find.

2. Every identifier in the parent map has a rank.

3. Every noncanonical identifier has rank strictly less than its direct parent.

4. The maximum rank is an upper bound on the ranks.

5. The next identifier is strictly greater than all current identifiers.

I define egraph_ok to hold on an e-graph when the above properties hold on its union-find
for some l and it additionally satisfies three more invariants:

1. Every pair of identifiers in the worklist is related by the union-find.

2. Every parent atom in the map from identifiers to their parents is in the database, up to
union-find equivalence.

3. For every atom in the database, all of its identifiers are in the union-find.

The empty e-graph satisfies these properties and I prove that every operation I define
preserves them. The worklist and parent-map invariants required careful statements to
preserve. In particular, I initially stated both as properties relative to the interpretation,
rather than the e-graph’s concrete collection of facts. However, this weaker requirement
created challenges in my proofs that easily resolved when I directly related the metadata of
the e-graph to its tables. At the same time, I only maintain the parent-atom invariant up to
union-find equivalence. While it might seem that every parent atom should literally appear in
the database, it is not so during rebuilding. Since I do not eagerly update the parent atoms,
they may temporarily contain noncanonical identifiers until we finish rebuilding congruence
closure.
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Chapter 6

Conclusions

A Retrospective If I were to pick a single lesson that I hope may carry forward from my
work in this thesis, it is that in order to achieve modular and extensible design, we must
state our specifications constructively, in terms of what behavior we require, rather than
exclusionarily, in terms of what behavior we forbid. Furthermore, a language or software
system defined in this way is more likely to be compatible with automated reasoning and
metatheoretic facilities innately.

While I also take pride in my specific technical results regarding verified compilers and
e-graphs, I believe their greatest value is as a substantial existential witness to the success
of extensible reasoning under this discipline. From a mathematical point of view, I am
in a sense just arguing for initial models, but it is an argument I believe worth making,
given how common exclusion-based semantics like contextual equivalence are in both the
historic and modern literature. To be clear, such semantics have important roles to play
in our field, especially relating to concerns around security. However, almost by design,
contextual equivalence is anti-extensional: It relates every pair of programs that cannot be
told apart in the present language fragment, leaving no room for future behavioral extensions
to differentiate them.

Looking Forward This work deliberately avoids secure compilation and sticks to functional
correctness for precisely this reason. I do not mean to claim that security and extensibility
are exclusive. With the right security properties expressed internally within a language
design, I believe it may be possible to have both. However, common metatheoretic tools like
contextual equivalence and equivalence reflection achieve security precisely by codifying a
closed-world assumption: that there shall be no more observations in the future than exist
today, exactly the antithesis of extensibility. I see positive specification of safety properties
as a key challenge in the future of language-based security. This is not a new idea: the
community has already developed techniques like information flow type systems for encoding
specific security properties. However, their applications to broad properties like secure
compilation rather than specific properties like secrete leakage has yet to be fully explored.

Regarding the more specific, technical contributions of this thesis, I hope to continue
positioning Pyrosome as a testbed and toolbox for programming-language and compilers
metatheory. The scaffolding I have built is substantial and is just reaching what I consider
general (research) usability as I conclude this portion of the work. Far too much effort in our
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field goes into repeated reasoning over pools of routine language features. Each paper presents
its one new concept but must build a whole calculus around it in order to demonstrate its
functionality, and little of that work gets effectively reused. Extensible metatheory, whether
Pyrosome itself or any future successor, promises to advance the velocity of research by
enabling proper reuse and recombination of existing components.
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